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Abstract

The book-making argument was introduced by de Finetti as a principle to
prove the existence and uniqueness of subjective probabilities. It has subse-
quently been accepted as a principle of rationality for decisions under uncer-
tainty. In this note, a similar argument is applied to a welfare context and its
implications are studied. The new argument provides a foundation for utilitar-
ianism that is alternative to Harsanyi’s, and that generalizes foundations based
on the theorem of the alternative.
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1 Introduction

This note presents a coherence condition for welfare evaluations. It is based on the
book-making argument introduced by de Finetti [6], a famous argument in decision
under uncertainty. The argument states a natural condition that turns out to imply
the existence of coherent subjective probabilities and justi..es a model of choice based
on them. De Finetti’s idea served as point of departure for Savage’s [16] theory of
subjective expected utility.

This note shows that de Finetti’s book-making argument also has relevant ap-
plications in welfare, where it provides a natural foundation for utilitarianism that
is alternative to Harsanyi’s [8] by avoiding reliance on expected utility. It general-
izes some other existing foundations of utilitarianism based on the theorem of the
alternative by using only natural combinations of policy decisions, and not scalar

multiplications.

2 The book-making argument

Assume a ..nite population S = {sy,...,s,}. Informally, a policy generates a welfare
distribution over the population. Policies are denoted by f, g, h. They can have
dicerent kinds of consequences for the population: ..nancial, sociological, environ-
mental, health- or security-oriented, etc. Building a new plant for the treatment of
medical waste material, for example, entails a welfare distribution over the popula-

tion and, hence, a policy. Its consequences can be manifold and dicerent in nature:



the emissions of the new plant can acect the environment and thus the well-being
of the population, the health of people living in the neighborhood of the plant can
deteriorate, the price of rent and housing can decrease, and so on.

In this note, the analysis is restricted to ..nancial consequences. That is, conse-
guences are expressed in terms of money, or can be replaced by monetary equivalents.
Formally, the set of real numbers IR is the set of consequences and a policy f is a
function from the population {si,...,s,} to the set of consequences. The policy f
describes the monetary consequence for each individual when it is implemented, with
f(si), G =1,...,n) the amount of money for individual s; if policy f is implemented.
Policies are often identi..ed with n-tuples and, hence, the set of policies is identi..ed
with IR™.

A social planner (or a government) has a preference relation 3= over the policies,
with - (strict preference) and ~ (equivalence) as usual. We assume that = is a weak
order: > is complete (for all policies f and g, f »= g or g = f, or both) and transitive.

Policies with monetary consequences can be combined, i.e., taken together at the
same time in the sense of coordinate-wise addition of the policies. A social planner
combines several decisions taken in dicerent areas of interest. A government combines
and implements the decisions taken by the responsible ministers. The coordinate-
wise addition assumes that there are no systematic interactions between dicerent
policies. Policies that do interact, should be combined into one policy, and policies
are described through their net ecect on a given situation.

The novelty of this note is to present the book-making argument for welfare.



The argument permits to naturally justify Harsanyi’s utilitarianism in an alternative
manner. The analysis is formulated for the case of a government as the decision
maker. Similar considerations apply to other cases.

A Dutch book means the following: suppose that there are two arrays of policies
..., f™and ¢', ..., ¢g™. Each policy f’ is weakly preferred to ¢’ by the responsible
minister but, taking all the decisions together, i.e., combining all policies at the same

time, each member of the society is worse oa. The formal de..nition is as follows.

De..nition 1 A Dutch book consists of two arrays of policies f1, ..., f™and ¢',..., g™

such that f7 3= ¢’ for all policies f7,¢’, j =1,...m, but ilfj (si) < ilgj (s;) for all
Jj= Jj=

individuals s;.

Details are as follows. Minister #1 has to choose, for instance, between the two
policies f' and g'. The minister chooses independently from the other minister’s
decisions. Suppose f! = g': minister #1 weakly prefers to implement policy f!
rather than g'. Assume that similar preferences hold for the m ministers: f7 = ¢/ for
all j =1,...,m. The sum of all the monetary consequences for individual s;, when all
the m policies are implemented, is: fslz_ + ...+ fo'. A similar sum is considered for any
member of the society s;: fjlfj (s;). A Dutch book means ﬁl I (i) < igi (s;) for

J= J= J=
all s;.

Coherence considerations motivate the idea that if all the m policies f7 are weakly
preferred to the ¢7s, then one expects that when the government implements the
policies, the population should not be worse oa. This is, however, not the case when

there is a Dutch book. If a Dutch book as in De..nition 1 exists, then every member of
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the society is strictly worse 0@ in monetary terms, a situation that should obviously
be avoided. The book-making argument (also called coherence) for social welfare is
thus natural: a Dutch book should not exist.

A constant equivalent for a policy f is a consequence c¢ such that (c,...,c) is
equivalent to the policy. The concept of a constant equivalent is commonly used in
the welfare literature, see Kolm [10] and Atkinson [2]. Next, the central result of
this note is stated: the book-making theorem for welfare. It adapts Theorem 2 of

Diecidue & Wakker [7] to welfare.

Theorem 2 The following two statements are equivalent for = on IR".

(¢) There exist unique nonnegative weights p,, ..., p, summing to one such that

policies are evaluated by f — pif (s1)+ ...+ pnf (sn)-

(2¢) The binary relation = is a weak order, for each policy there exists a constant

equivalent, and no Dutch book can be made.

OJ

The theorem presents a condition for the existence and the uniqueness of nonneg-
ative weights p; such that the social preferences over policies are represented by the
weighted sum of the individuals’ consequences. Harsanyi’s utilitarianism similarly
states that a weighted average of individual utilities is taken as the measure of social
welfare. Theorem 2 presents a foundation for utilitarianism that is alternative to
Harsanyi’s. Both the approaches of Harsanyi and of this paper assume linear utility,

Harsanyi’s with respect to probability mixtures which requires an expected utility
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assumption, and the present approach with respect to monetary consequences. Ex-
pected utility has been criticized by many authors (Allais [1], Machina [11], Camerer
[5], Rabin [14]). Linear utility is reasonable for everyday decisions (Rabin [14]) and
is acceptable in utilitarianism (Neuefeind & Trockel [13]).

The interest for Theorem 2 lies in its welfare interpretation and in its implications
for utilitarianism, not in its mathematical generality. The proof is based on Theorem 2
in Diecidue & Wakker [7] with a few modi..cations to adapt it to a welfare framework.
It can be demonstrated, and is an immediate corollary of the theorem, that the Pareto
principle is implied by the book-making argument. The Pareto principle states: for
all policies f and g, if f(s;) > g(s;), i = 1,...,n, then f > g¢. In the axiomatic
treatment of social choice and welfare, the Pareto principle is a natural requirement,
and it is not discussed further.

Many contributions to the book-making argument are available in decision under
uncertainty, social choice, game theory, ..nance, etc. (Bunn [4], Nau & McCardle
[12], Turunen-Red & Woodland [17], Varian [18], Yaari [19]). In all these works the
book-making argument is derived from theorems of the alternative and always invokes
scalar multiplication of policies such as in A\;f! 4 ... 4+ \,f". In the present note, the
requirements are weaker than in the mentioned contributions: only the sum, i.e. the
combination of given policies is considered, which is more natural. In reality, if the
government carries out a number of policies, every member of the society experiences
the combination of the exects of the policies, which is what is considered in Theorem

2. Individuals do not experience (combinations of) scalar multiples of the policies,



which is what the existing theorems consider. In this sense, Theorem 2 is more

realistic and fundamental for welfare applications.

3 Examples

We discuss two particular examples of welfare choice to clarify the book-making

argument. Consequences are expressed in dollars.

Example 3 Suppose that three ministers choose among policies guided by equity con-
siderations. Minister 1 decides (10,10, 10) >= (40,0, 0), minister 2 decides (10, 10, 10) =
(0,40,0), and minister 3 decides (10, 10, 10) = (0, 0,40). Taking all the decisions to-

gether: (30,30,30) is chosen instead of (40,40,40). A Dutch book has resulted.

Example 4 Suppose that three ministers follow the Rawlsian maximin principle.
Minister 1 decides (10, 10, 10) = (0, 30, 30), minister 2 decides (10, 10, 10) = (30,0, 30),
and minister 3 decides (10, 10, 10) = (30,30, 0). Implementing all the policies yields:

(30,30, 30) instead of (60,60,60). A Dutch book has resulted.

It is obvious that, since a Dutch book has resulted in both elementary examples,
equity and Rawlsian maximin (Rawls [15]) when applied in myopic manners by sub-
parts of the government, are not compatible with Theorem 2, and myopic applications
can harm the society.

A prescriptive requirement is that once decisions are aggregated (for example at
the national level) the society as a whole should not be harmed: thus no Dutch
book. A more general policy implication for equity considerations: policies should be
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considered and evaluated at an aggregated level. Non-integrated equity considerations

can harm society.

4 Conclusion

This note presents a coherence argument for welfare entailing that a Dutch book
should not exist. De Finetti’s [6] condition is nowadays a standard argument in the
theory of subjective probabilities, with its own esthetic value based on its pragmatism.
The appeal of the book-making argument for welfare is given by the simple economic
intuition underlying it. To aggregate preferences in a linear manner, the following is
requested: a weak order, the constant equivalent, and no Dutch book allowed. This
last assumption has a natural interpretation in welfare economics. This note gives a
new interpretation of the original book-making argument as a coherence principle for
welfare decisions. This re-interpretation avoids the strong assumptions of the classic
Harsanyi’s result and in this sense provides a cleaner, new foundation of utilitarianism.
It is remarkable that Harsanyi’s famous defense of utilitarianism and de Finetti’s
famous book-making argument are such close relatives, both being based on linear

utility.
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