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DE FINETTI THEOREMS FOR A BOOLEAN ANALOGUE OF
EASY QUANTUM GROUPS

TOMOHIRO HAYASE

ABSTRACT. Banica, Curran and Speicher have shown de Finetti theorems for clas-
sical and free easy quantum groups. A key of the proof is that each easy quantum
group is determined by a category of partitions in the sence of a Tannaka-Krein
duality. We define a new kind of category of partitions and associated Boolean
analogue of easy quantum groups. Then we prove de Finetti type theorems for
them which imply conditional Boolean independence and other distributional re-
strictions. Our result generalizes Liu’s de Finetti theorem.

INTRODUCTION

In the study of distributional symmetries in probability theory, the symmetric
group 5, and the orthogonal group O, play a central role. By de Finetti theorem
and Hewitt-Savage theorem, if the sequence of real random variables has the joint
distribution which is stable under the action of S, (resp. O,,) , then it is conditionally
i.i.d. (resp. conditionally i.i.d. and centered Gaussian). See [Kal05] for details.

In noncommutative probability, there are many analogues of the notion of inde-
pendence. By [Spe97], there exist only three universal independences; the classical
independence, the free independence and the Boolean independence. Free probabil-
ity theory is one of the most developed noncommutative probability theory [VDN92].
The Boolean independence appeared in [Wal73], [SW97].

An easy quantum group is one of Woronowicz’s compact matrix pseudo group (See
[Wor87]) which are characterized by a tensor category of partitions in the sense of the
Tannaka-Krein duality. The groups S,,, O,, and their free analogue quantum groups
As(n), Ay(n) are easy quantum groups. The notion of free quantum groups appeared
in [Wan95], [Wan98]. In [KS09], Késtler and Speicher have shown a free analogue
of de Finetti theorems. The free de Finetti theorem states that the symmetry given
by As(n) induces the conditional free independence. In [BCS12], Banica, Curran
and Speicher have given a unified proof of de Finetti theorems in the classical and
free probability by using categories of partitions.

In [Liul4], Liu has defined a quantum semigroup (in the sence of [Sol08]) Bs(n)
and has proved a Boolean de Finetti theorem, which states that the symmetry given
by Bs(n) characterizes the conditional Boolean independence.
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The aim of this paper is to find a new kind of categories of partitions and to
construct a Boolean analogue of easy quantum groups which generalizes Liu’s de
Finetti theorem. The relation between the proof of Liu and ours corresponds to
that between [KS09] and [BCS12]. The advantage of using partitions lies in the
following facts:

(1) Tt linearizes the action and gives a nice perspevtive.
(2) We can take other symmetries by visualization.

The main difficulty in carrying out this construction is that Boolean independence
is a nonunital phenomenon; if A is a *-algebra and ¢ is a state on A, then there
exists no nontrivial pair of unital subalgebras (A;, A2) which is boolean independent
with respect to v. Nonunital embeddings of von Neumann algebras present a more
delicate problem.

This paper consists of 5 sections.

Section 1 is devoted to some preliminaries.

In section 2, we introduce a new category of partitions and corresponding Boolean
analogue of easy quantum groups. We further give its classification and the relation
between free quantum groups and them. Considering some quotient C*-algebra of
them, we get free quantum groups A,(n), A,(n), Ap(n) and Ap(n).

Section 3 provides a detailed exposition of a Boolean analogue of easy quantum
groups, in particular Haar states and their coactions on polynomial algebras.

Section 4 is devoted to study of operator valued Boolean independence with re-
spect to a nonunital embedding of von Neumann algebras. We extend the notion of
a conditional expectation with respect to a nonunital embedding.

In section 5, our main results, the Boolean de Finetti type results are stated and
proved in Thm[5.8 Let (M, ) be a pair of a von Neumann algebra and a non-
degenerate normal state. Assume M is generated by self-adjoint elements (z;);en.
Let C(GL),C(GE),C(GH), and C(GE) be quantum semigroups defined in Def.,
which are Boolean analogues of free quantum groups As(n), Ay(n), Ap(n) and A,(n),
respectively. Then by Thm[5.8] the following hold.

(1) The joint distribution of (z;);ey is invariant under the coation of (C(GL))nen
if and only if (x;);ey is conditionally Boolean i.i.d. over M.

(2) The joint distribution of (x;);ay is invariant under the coation of (C'(GY?))pen
if and only if (z;);ey is conditionally Boolean i.i.d. over M;,; and each z;
has a conditional shifted Bernoulli distribution.

(3) The joint distribution of (z;) ey is invariant under the coation of (C'(G))nen
if and only if (x;);ey is conditionally Boolean i.i.d. over M;,; and every odd
moment of each z; vanishes.

(4) The joint distribution of (z;) e is invariant under the coation of (C(GY2))nen
if and only if (z;);ey is conditionally Boolean i.i.d. over M;,; and each z;
has a conditional centered Bernoulli distribution.
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1. PRELIMINARIES

Let us define nonunital tail von Neumann algebras.

Notation 1.1.

(1) For n € N, denote by &2 (resp. £72) the *-algebra of all nonunital poly-
nomials in noncommutative n-variables X7, ..., X,, (resp.countably infinite
many variables (X;);en).

(2) Let M be a von Neumann algebra. Let (z;) ey be a sequence of self-adjoint
elements in M. Denote by ev,: #?% — M the evaluation map ev,(X;) = z;.
Let us denote by M;,; the nonunital tail von Neumann algebra, that is,

=~ ~ (o V¥
Mtail = m evx(gzzn s
n=1

where 222, = {f € 2% | f is a polynomial in variables X, (j > n)}.
We define the notion of conditional expectations for nonunital embeddings.

Notation 1.2.

(1) In this paper, we do not assume that an embedding of *-algebras, C*-algebras
or von Neumann algebras is unital.

(2) Let n: B = A be an embedding of *-algebras. A linear map E: A — B is said
to be a conditional expectation with respect to 7 if it satisfies the following

conditions:
(a) E(z*z) >0 for all x € A,
(b) Eon=idg,

(c) E(n(b)x) =bE(z),E(xn(b)) = E(z)bfor all be B,x € A.
For an embedding of C*-algebras or von Neumann algebras, we say E is a
conditional expectation if it is a conditional expectation between *-algebras.

Remark 1.3. Suppose n: N & M is an embedding of von Neumann algebras with
a conditional expectation E: M — N. Then FE is a unital completely positive map.
Similarly as the case of a unital embedding, we can construct the GNS Hilbert
N-N bimodule L2(M,E) for the pair (n,FE). E is said to be nondegenerate if
corresponding GNS representation is faithful.

Notation 1.4. Let M,n, and E be same as in Rem.. Let (z;)jes be a family of
self-adjoint elements in M. We say (), is identically distributed with respect to
B if E[x}] = E[2}] holds for any i,j € J, and k € N.

Let us define the notion of conditional Boolean independence.

Definition 1.5. Let n: N < M be a normal embedding of von Neumann algebras
M, N with a normal conditional expectation E: M — N.
(1) Let (M;);es be a family of o-weakly closed *-subalgebras of M. We do not
assume 1,7 € M;. Suppose that

n(N)M; € Mj, Min(N) € M;.
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The family (M;);es is said to be Boolean independent with respect to E or
conditionally Boolean independent over N if it satisfies

Elyr-yx] = E[y1]--Elyx],

whenever ji,...,jp€J,j1 #jo#F - # jp, € M;,,l=1,... )k, and k e N.

(2) Let (27)jes be a family of self-adjoint elements of M. We denote by N(z;)°
the *-algebra of N-coefficient nonunital noncommutative polynomials of z;.
Let M; be the o-weak-closure of N(x;)° and ¢; be the unit of M;.

The family (z;);e; is said to be Boolean independent with respect to E if
(M;,n;) es is Boolean independent with respect to E.

Let us review some notations related with partitions of a set.

Notation 1.6.

(1) A partition of a set S is a decomposition into disjoint, non-empty subsets.
Those subsets are called block of the partition. We denote by P(S) the set
of all partitions of S.

(2) For a partition 7 of a set S and r,s € S, we define r ~ s if  and s belong to

s

a same block of 7.
(3) Let S, J be any sets and j € Map (5, J). We will denote by ker j the partition
of S defined as r ~ s if and only if j(r) = j(s).

kerj
(4) For m,0 € P(S), we write m < ¢ if each block of 7 is a subset of some block
of 0. P(S) is a poset under the relation <.

We define the Mobius function. See [NS06] for more details.

Definition 1.7. Let (P, <) be a finite poset. The M&bius function pp:{(7,0) € P? |
m <o} — C is defined by the following relations: for any m,0 € P with 7 <o ,

}: /LP(WaﬁO = 6(770)7
peP
T<p<o

}: /LP(p7O) = 5(W70)7
peP
w<p<o

where if 7 = o then §(7,0) = 1, otherwise, d(m,0) = 0.

The following remark is one of the most important property of the Mébius function
to prove de Finetti theorems.

Remark 1.8. Let () be a subposet of P which is closed under taking an interval,
that is, if 1,0 e @Q,pe P and m < p <o then pe Q.
Then for any 7,0 € () with m < o, we have

,UQ(TFa o) = pp(m,0).
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2. CATEGORIES OF INTERVAL PARTITIONS AND BOOLEAN QUANTUM
SEMIGROUPS

In this section, we define a category of interval partitions and the associated notion
of Boolean quantum semigroups, which is a Boolean analogue of easy quantum
groups.

Definition 2.1. We denote by P(k,[) the set of all partitions of the disjoint union
[k]u[l], where [k] ={1,2,...,k} for k € N. Such a partition will be pictured as

1...k
p=: P
1...1
where P is a diagram joining the elements in the same block of the partition. The
tensor product, composition and involution of partitions are obtained by horizontal
and vertical concatenation and upside-down turning

peq = {PQ}
pq = {g}—{closed blocks}
Pt = {P7}

where p = {P} and ¢ = {Q} are the pictorial representations of p,q. We denote by
P(k) the set P(0,k). If there is no confusion we write 7 € P if m € P(k,l) for some
k,le Nu{0}.

The Boolean independence is characterized by Boolean cumulants with combina-
torics of interval partitions (See Prop4.10)).

Notation 2.2. 7 € P(k) is said to be an interval partition of [k] if it contains only

consecutive elements. We denote by I(k) the set of all interval partitions of [k].
Let I(k,1) = I(k) x I(1) € P(k,1).

Remark 2.3. p e P(k,l) is said to be nondegenerate if its pictorial representation
does not have crossing lines. A category of partitions (resp. category of noncrossing
partitions) is a collection of subsets P,.(k,l) ¢ P(k,l) (resp. NC,(k,l) € NC(k,1),
P.(k,l) c P(k,l)), subject to the following conditions from (1) to (6) (resp. from (1)
to (5)).

(1) Tt is stable by tensor product.

(2) Tt is stable by composition.

(3) Tt is stable by involution.

(4) Tt contains the unit partition |.

(5) It contains the duality partition n.

(6) It contains the symmetry partition .

A full category of partitions is a collection of subsets P,(k,l) ¢ P(k,l) with the con-
ditions from (1) to (5). The notion of a full category of partition is a generalization

2
3
4
)
6
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of both the category of partition and the noncrossing partitions (See [BC09|, Def.
2.2, Def. 3.11, and Def. 6.3 for definitions).
Arbitrary full category of partitions P, contains the partition

m

Therefore, there is no full category of partitions with P, c 1.

Definition 2.4. A category of interval partitions is a collection of subsets I, (k,[) c
I(k,l), subject to the conditions from (1) to (4) in Remark

Example 2.5. We denote by I,(k), I2(k), I,(k) € I(k) the set of all interval par-
titions with even block size, with block size 2, and with block size < 2 of [k],
respectively. Let us denote I,.(k,l) := I,(k) x I,(l) for k=h,2, and b. Then each I,
(z =h,2,b) is a category of interval partitions.

Let us define a Boolean analogue of easy quantum groups.

Definition 2.6. Denote by C(GP) the universal unital C*-algebra generated by

self-adjoint elements u (1 < 14,7 <n) and an orthogonal projection p(™) with the
following relations:

() 7 <kerj

2.1 u™ ) ey [P TS KCL),

(2.1) ie[znz]k ivjr " Wi P 0, otherwise,
m<keri

(n) 7 <keri

2.2 () gy () ) = JP775 TS KT,

(2.2) JEZ Uiy gy Wiy, P 0, otherwise,
m<kerj

whenever m € D(k),k € N. If there is no confusion, we omit the index (n) and just
write u; ; and p.
There is a bounded linear map A:C(GP) - C(GP) ®min C(GP) with
A(uij) = ), ik ® Uj,
k=1

A(p)=p®p,

A(l)=1®1.
It is easy to check that A is a coproduct, that is, the following invariant holds.

(id® A)A = (A®id)A.

Hence C'(GP) is a compact quantum semigroup with coproduct A (See [Sol0§] for the
definition of a compact quantum semigroup). We call C(GL) the Boolean quantum
$emigroups.
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Remark 2.7. In [Liul4], Liu defined a quantum semigroup Bs(n) as the universal

unital C*-algebra generated by projections p,u; ;(¢,7 = 1,...,n) and relations such
that

> ugp =p,

j=1

Ui Uy = 0, if k #1,

U U5 = O, if [ #14.

There exist a *-homomorphism By(n)/(YXi uijp=p,j=1,...,n) > C(GL) which
maps [u;;] to u;; and maps [p] to p.

In [BCS12|, Banica, Curran and Speicher have shown de Finetti theorems for easy
quantum groups associated with some categories of partitions and of noncrossing
partitions. Let us extract their common properties.

Definition 2.8. Let D = (D(k,[))ren be a category of partitions (resp. noncrossing
partitions, interval partitions).

(D1) D is said to be block-stable if D(k) ={me D(k)|{V} e D(|V]|) for any V ¢
T}

(D2) D is said to be closed under taking an interval if the following hold: if
p,o € D(k), me P(k) (resp. NC(k), I(k)), and p <7 < o, then we obtain
e D(k).

We say that D is blockwise if it is block-stable and closed under taking an interval.
For a blockwise category of partitions D, let us denote

Lp:={keN:1,e D(k)},

where 1, € P(k) is the partition which contains only one block {1,2,...,k}. Set
Ip:=sup{l e N| 2l e Lp}. If Lp contains some odd number, let us denote mp :=
sup{fmeN | 2m-1¢€ Lp}, and np:=min{meN | 2m-1€ Lp}.

Example 2.9. Let us denote by (71, ...,m,) the minimal category generated by the
unit partition |, duality partition n, and the partitions 7y, ..., T, with the categorical
operations (i.e. the tensor product, composition and involution).

If D be a block-stable category of (resp.noncrossing) partitions, then Lp is a one
of the following 4 sets (see [BC09, Thm.2.6, Thm. 3.14] and [Web13, Prop.2.7] for
details):

(1) L = {2}, producing the category of all pair (resp.noncrossing) partitions
Py = (f) ¢ P (resp. NCy = (@) € NC). It correspond to the group O,
(resp. the quantum group A,(n)).

(2) L ={1,2,3,...}, producing the category of all (resp.noncrossing) partitions
P =(t,mm,)) (resp. NC = (1,rmm)). It correspond to the group S, (resp.the
quantum group Ag(n)).
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(3) L ={2,4,6,...}, producing the category of all (resp.noncrossing) partitions
with blocks of even size P, = (mm,)) ¢ P (resp. NC, = (mm) ¢ NC). Tt
correspond to the group H,, (resp.the quantum group Ap(n)).

(4) L = {1,2}, producing the category of all (resp.noncrossing) partitions with
block size one or two B, = (1,)) € P(resp. NCj, = (1) € NC). It correspond to
the group B, (resp.the quantum group A,(n)).

Moreover, these 8 categories are closed under taking interval, thus automatically
they are blockwise.

In [BCS12], de Finetti theorems have been proved for these 8 blockwise cate-
gories. To find out de Finetti theorems for Boolean independence, let us focus on
the blockwise category of interval partitions. Contrary to the classical and the free
cases, there exist infinitely many blockwise categories of interval partitions. To see
this, we prepare two lemmas.

Lemma 2.10. Let D be a blockwise category of interval partitions. Then the fol-
lowing hold.
(1) {2,4,...,2lp} € Lp.
(2) {2np—1,2np+1,...,2mp—1} ELD.
(3) mp-np <lp.
(4) Ip <mp+mnp if mp < +00.
Proof. Pick [y € N such that 2ly € Lp. For any [ € N, [ <,

I N e R N B B O O

—_— —_——
1y
lo lo—1

By condition (D2), 15 @ n®lo=h) ¢ D(2ly). By condition (D1), we have 2] € Lp,
which proves (1).

Assume Lp contains some odd number. We have the following inequalities among
partitions.

AU A N e N U O O e O

| —— —_——

1y,

12m71 ]—2me1

mp—nNp mp—m

]-2an1

Hence we obtain m € Lp, which proves (2). To prove (3), let m € N with m < mp.
We can prove that 2(m —np) € Lp by the similar discussion as in (1). Hence
m —np < lp. Taking the supremum, we get (3). Assume mp < +oo. Then

BRI R R .

12me1 12an1 12mD+1 12me1 12(mD+nD)

Because 2mp + 1 ¢ Lp, we obtain 2(mp +np) ¢ Lp, which proves (4).
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Lemma 2.11. Let ly, mg, ng € N with ng < mqg, mo—ng < lg < mg+ng. Define subsets
of N as follows.
(1) L(oo0;00,n0) :={2,4,6,...}u{2no—1,2n0+1,...}.

(2) L(lo, mo,’no) = {2, 4, 6, ceey 2[0} U {2710 -1, 2ng + 1,... ,2m0 - 1}
(3) L(o0):={2,4,6,...}.
(4) L(lo) = {2,4, 6, ceey 2l0}

Let L be one of 4 sets. For k € N, assume there are interval partitions p,m, 7" and
o satisfying following conditions.

(1) |V|,|[V'|,IW],|X| € L for any blocks V en,V'en' W ep, and X €o.
(2) p<m®1@n <o.

Then we obtain k € L.

Proof. Fix k € N. In the cases L = L(o0), L(ly), it is easy to check k € L since k must
be even.

Assume L contain some odd number. As p < 7®1y, there are blocks Wy, ..., W e p
such that Wy u--uW, =1,. If k is odd number, then at least one of W1, ..., Wi
is an odd block. Hence k > 2ny —1 if k£ is an odd number. In particular, we have
proved the lemma for L = L(o0; 00, ng).

Hence we only need to consider the case L = L(ly;mg,n0). By t® 1, ® 1’ < 0,
there are V1,...V,,, V/,..., V) em and X € o with

Viv-uVuluVfu-uV) =X

Then we have k < |X| € L. Hence if k and | X| have the same parity, k < 2mg—1 if k
is odd, and k < 2l if k is even.

Assume k and | X| have the different parity. Then at least one of Vi,..., Vp, V{, ..., V)
is an odd block. Thus we get k+ (2no—1) < 2l if k is odd and k < 2mg— if k is even.
By mg —ng < lg < mg + ng, we have k < 2mg -1 if k is odd and k < 21, if k is even.

Hence k € L(l[), mo,no). |

Example 2.12. We have L; = L(o0;00,1),L;, = L(1;1,1),L;, = L(1), and L;, =
L(o0).

Now we have the classification of blockwise categories of interval partitions.

Theorem 2.13. Fix ly, mg,ng € N which satisfy the inequalities in Lemmal[2.11]. For
each L = L(00), L(ly), L(00;00,n9) and L(ly;mg,ng), there exists a unique blockwise
category D of interval partitions with Lp = L. Conversely, for any blockwise category
D of an interval partition, we have

(2.3) Lp= {L(ZD)a if Lp contains no odd number.

L(lp;mp,np), otherwise.

In particular, there exist infinitely many distinct blockwise categories of interval
partitions.
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Proof. For each L = L(o0), L(ly), L(00;00,n¢) and L(ly;mg,ng), set
D(k):={mel(k)||V|eL forany Ver}, keN,

respectively. Then D satisfies condition (D1), (D3).

We prove condition (D2). Let m € I and p,0 € D such that p <7 < 0. Pick any
block 14 € w. Then there are n’, 7" € [ with m=n"® 1, ® n”.

As p <7, there are pq, pg, p3 € D satisfying

p=p1® P2 p3,

! 144
pr<m, pe <1y, ps<m.

We have p < p; ® 1, ® p3 < 0. By Lemma [2.11] , we get k£ € L. Since we took an
arbitrary block of 7, thus 7 € D. Therefore, we have proved (D2).

Conversely, let D be any blockwise category of interval partitions. Then
holds directly by Lemma [2.10] U

By Theorem [2.13 we can shorten the definition of {C(GE)}en.

Corollary 2.14. Let D be a blockwise category of interval partitions and n € N.
Then C(GPY) is generated by self-adjoint elements u;;(1 <4,j <n) and an orthogonal
projection p with the following relations:

for any ke Lp and i,j € [n]*,

iu ...u..p— p’ jl:...:jk7

7 1 - .

oo 0, otherwise,
? (2% - .

a R 0, otherwise.

Corollary 2.15. Let D be a blockwise category of interval partitions. The quotient
C*-algebra C(GP)] < p = 1 > is isomorphic to one of the following free quantum
groups:

(1) Ay(n) if Lp = L(1).

(2) As(n) Zf Lp= L(lo;mo,ng) with (lo;m07n0) * (1, 1, 1)
(3) Ah(n) ’Lf LD = L(lo) with lo > 2.

(4) Ay(n) if Lp = L(1:1,1).
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Proof. For a subset L ¢ N, denote by J, the closed ideal of A,(n) generated by the
following relations: for k€ L and i,j € [n]*,

" o
3 iy, = Lo gi=-=Jk
1, 1 - .
7 TR0, otherwise,
17" Wiy —
j=1 07

5 otherwise.

Let D be a blockwise category of interval partitions. Then we obtain the isomor-
phism between the quotient C*-algebras C(GP)/(p =1) = A,(n)/Jr,. By the same
proof of [BC09, Thm.2.6, Thm. 3.14], we have J,, = J, where L is one of the 4 sets
in Example 2.9 which proves the corollary. U

3. HAAR FUNCTIONALS ON BOOLEAN QUATNUM SEMIGROUPS

The quantum semigroup C'(GP) is not a compact quantum group in general. It
is known that not every quantum semigroup admits a Haar state. Instead of a Haar
state, we construct a linear functional with an invariant property on a subspace of

C(G).

Notation 3.1. We denote by S the subspace of C'(GP) linearly generated by the
set

{p} U {puiyyuigp [ 1,3 € [n]", k e N}
Then SP is a coalgebra with the coproduct A.

(1) Fix a complete orthonormal basis {e; }e[,,] of the n-dimensional Hilbert space
12. We denote by A the linear map 9% — 2% @ SD defined by

k .
An(ejl ® - ®€jk) = Z €iy ® -+ ® €y ® PUiy jy *+ Uiy 5y -

i€[n]*
By direct calculation, A¥ is a linear coaction of S that is,

(id ® A)AF = (AF @ id)AF.

(2) Let Fix(Ak) denote the invariant subspace of the coaction A%, that is,

Fix(Ay) = {€ e 5% | AL(€) =€ @ p}.
Denote by Q®*) the orthogonal projection onto Fix(A). For i,j € [n]*, set
Qflj) ={e, ®®e;,,QW(e;, ® - ®e;)).

(3) For k,neN and 7w e D(k), let

T = Z €j, ® - ®ej,.
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We omit the index (n) if there is no confusion. As D is closed under taking
the tensor product, we obtain the equation

(3.1) Fix(A*) = Span{T} : 7 € D(k)},
for k,n e N.

Proposition 3.2 (The Haar Functionals). For any n € N, there erxists a unique
linear functional h on SP satisfying following conditions:

- s o) = O i3 k
2) 1t b the foloummg et ity R
(ild®h)A = (h®id)A = h.
We call h the Haar functional on SP.
Proof. For any m € D(k) and i€ [n]’,
AN T, ®e, ® - ® e,)=T,® Ag)(eil ®---®e;).
Hence
QF (T, ®e;,®0e;,)=T, QW (e;, ®---®e¢;,).
Therefore, h is well-defined on SP. The proof of (2) is immediate. O
Remark 3.3 (The Weingarten function). For 7,0 € P(k), let
Grn(m,0) = (T, TSM).

Since the family (Tﬂ(-n))weD(k’) is linearly independent for large n, Gy, is invertible
with respect to the convolution product of D(k) for large n. We define the Wein-
garten function WP to be its inverse. Let Q) be the orthogonal projection onto

Fix(Ak). Then we have
k
QY= X Whi(ro),

m,0eD(k)
w<ker i
o<kerj
for any i,j € [n]* and sufficiently large n (see [BCS12] for more details).
Since the subposet D(k) c I(k) is closed under taking an interval (see the condi-
tion (D2)), we have pzry = gy by Rem[L.7 By [BCSI2, Prop.3.4], we have the
following estimate.

Proposition 3.4 (The Weingarten estimate). For any m,0 € D(k),
1
n|7r|Wk?n(7T7 U) = :u[(k)(ﬂ-a O-) + O(E) (CLS n- 00)7
where we extend the Mobius function by piygy(m,0) =0 when m 0.

Next we consider the coaction of SP on the *-algebra of nonunital polynomials in
noncommutative variables.
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Notation 3.5.
(1) For m,n €N, define a *- homomorphism r,,,: C(GL) - C(GP) by
(n) <
sy [ e
ijlo(gpy, otherwise,
Pom (P = p™.
(2) Define a linear map A,,: #2 - 22 ® SP by
An(le”'Xjk) = Z Xquk ® Py jy Wiy i, P-

ie[n]k
We define a linear map V,,;: 22 - 22 ® SP by
U, (f) = (id @ rum) o A (f),

for fe 220 c 9. Then by direct calculation, each ¥, is a linear coaction
of SP on 229 that is,

(U, ®id)o ¥, = (id® A) o U,,.

See Notation [1.1] for definitions of 22 and £22..
(3) Denote by &%~ the fixed point algebra of the coaction W,,, that is,

PUn={fePL|f=fep})
(4) Define a linear map E,: % - P2 by E, = (id®h) o U,,.
Proposition 3.6. The following hold:
(1) U, is PYn-P2Y bilinear map : for each fihe P¥n ge P,
Un(fg) = (f@id)Wn(g), ¥algf) = Yn(g)(f ®id).

2) B, is a conditional expectation with respect to the embedding PYn — P22 (see
( P P g %

Definition .
Proof. By (§3.1), it follows that &?¥» = Span{ f, € & | m € D(k),k € N}, where
f7r = Z le"'Xjk'

Je[n*
w<ker j

For any je [n]*,me D(l) and k,l € N,
by relations (2.1). By symmetry, we have proved that ¥, is a &ZY»-92%» bilinear
map.

Next, we prove that F, is a conditional expectation. E,, is also &2Yn-Z2Y» bilinear
map since so is U,,. Clearly we have E,[f] = (id® h)(f ® p) = f for any f e PVn.
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The proof is completed by showing that ¥, o E, = E,,[-] ® p. Let v be the natural
isomorphism SP ® C - SP. Then

U,oE,[f]=(de®v)o(¥,cid)o(id®h)o W,
=(id®v)o(id®id®h)o (¥, ®id) o ¥,,.
As W, is a linear coaction, the right-hand side is equal to
(idov)o(id®id®h) o (id® A) o U,
By the invariant property of the Haar functional h, this is equal to to
(idev)oro(id®h) oV,

where ¢ is the embedding Z@C > 2@ SP®C; «(f® ) = f ® p® \. By the easy
computation, this is equal to E,[ - | ® p. d

In [BCS12], the conditional expectaion onto the tail algebra is approximated by
conditional expectations (E,, ),y onto fixed point von Neumann algebras, to prove
free de Finetti theorems. In our setting, conditional expectations (E,),ey is only
defined on the *-algebra of polynomals. To prove Boolean de Finetti theorems, we
need not consider the normal extension of (E, ),y (see Prop [5.5] for details).

4. AMALGAMATED BOOLEAN PRODUCT

As far as the author knows, a construction of Boolean analogue of amalgamated
free product of von Neumann algebras has never been at least explicitly given in
literature. Hence in this section we construct a Boolean independent family of von
Neumann algebras with respect to a nodegenerate conditional expectation.

Let (M;j)je; be a family of von Neumann algebras having normal embeddings
(n)jes of common o-finite von Neumann algebra N. Throughout this section we
suppose that each embedding has a normal conditional expectation E;: M; - N with
faithful GNS representation. We will construct the amalgamated boolean product
of the family (M;,n;, E;)jes over N.

Pick a faithful normal state ¢ on N. Then each pair (M;,p o E;) has a faithful
GNS representation. Using this GNS representation, we consider M; acting on
L2(Mj, ¢ 0 Ej). Put Hj = L*(Mj,p o E;) and H$ = H; © L*(N, ). Define the
amalgamated Boolean product of (H;),e; over N by

H=L*(N,p)o® @Hj"
jeJ
Let q; € B(H ) be the orthogonal projection onto the closed subspace L*(N, p)® H? ¢
H. Set an embedding ¢;: M; - B(H) by ¢j(z) = xg; for each j € J. We define the
amalgamated Boolean product of von Neumann algebras over N by
M= (U (M;))".
jeJ
For ¢ # j, consider the product ¢;q;. Then this element is the orthogonal projection
onto the closed subspace L?(N,¢) ¢ H and it is independent of the choice of 7, .
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We denote this by e. We construct the embedding n7: N - B(H) as follows. For
be N, we define

n(b) =mn(b)e + 3 1;(b)(g; - e),

jedJ
where mn: N - B(L?(N, ¢)) is the GNS representation. Note that the sum converges

in the strong operator topology. Then the left and right multiplications of n(/N') on
M; are those of n;(N);

n(0)ei(y) = 1;(n;(0)y),
Li(y)n(b) = ¢;(yn;(b))-

By definition, e € n(N)’. Since ¢ is faithful, the *-homomorphism N — n(N)e;b —
n(b)e gives a *-isomorphism

N = n(N)e.
Proposition 4.1. We have
n(N)e=eMe.
For ye M, let E[y] € N be the element uniquely determined by
n(E[y])e = eye.

Then E is the normal conditional expectation with respect to the embedding n such
that the following hold.

(1) Eo Ly = Ej.
(2) The family (1;(M;))jes is Boolean independent with respect to E.
(3) E has the faithful GNS representation.

Proof. The inclusion n(N)e ¢ eMe is trivial. At first we have
evj(y)e =n(E;[y])e
foreach ye M;,jeJ. It i+,
ti(@)e(y) = ) agie; (y) = vi(@)e; (y).
Therefore for any indices 71, jo, ..., Jrx € J with j1 # jo # ... # Jji,
e (Y1), (yw)e = (evy, (y1)e) (e, (y2)e) - - - (evs, (yn)e)
=05 (Ej[yi])--n5, (Ej, [yr])e
=n(E; [y1]--Ej, [yk])e.

Hence we have eMe = n(N)e. Moreover,

Elej (1)1, (ye) ] = Ej [ya ] Ej (Y]

whenever ji,j2,...,Jk € J, j1 # jo # ... # Jx. Hence E satisfies the condition (i), (ii).
It is immediate from the definition of £ that E is a normal conditional expectation
with respect to n with the faithful GNS representation. O
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Definition 4.2. We write

ON(Hj, My,m;, E;) = (OnHj, On My, Onny, OnEj) = (H, M, n, E),
jedJ JedJ jedJ jeJ

jeJ
and call it the amalgamated Boolean product of (H;, M;,n;j, E;)jes over N.

Proposition 4.3. Let n: N < M be a normal embedding of o-finite von Neumann
algebras with a normal conditional expectation E. (M;)e; be a family of o weakly-
closed subalgebras of M. Suppose the following conditions hold:

(1) n(N)M; € M, Mjn(N) € M;.

(2) E has the faithful GNS representation.

(3) (M;) es generates M.

If (M;)jes is Boolean independent with respect to E, then M is isomorphic to
(On)jesM;.

Example 4.4.

(1) Let N ¢ M be a unital embedding of o-finite von Neumann algbras with
a faithful normal conditional expectation. Let M; = (M, e) be its basic
construction. Then we have

MOy N =M.

(2) Let (Mj,¢;)jes be a family of von Neumann algebras and faithful normal
states. Consider the unital embeddings C — M;. Then we have
OcM; = B(OcL*(Mj, ¢;)).
jeJ jeJ

In free probability (resp. operator valued free probability), cumulants (resp. operator
valued cumulants) characterize free independence (resp. free independence with amal-
gamation) [NS06] [Spe98]. We define the operator valued Boolean cumulants. They
combinatorially characterize conditional Boolean independence. Single-variate boolean
cumulants are defined in [SW97]. As far as the author knows, multivariate boolean
cumulants first appeared in [Leh04].

Throughout the rest of this section, we suppose N ¢ M is an embedding of von
Neumann algebras (not necessarily unital) with a normal conditional expectation
E.

See [Leh04, Defn. 1.8] for the definition of the exchangeability system. The notion
of an operator valued exchangeability system is obtained by replacing the complex
field C by a subalgebra N ¢ M and the state by the conditional expectation £ onto
N.

Notation 4.5. Denote by (U, E) the amalgamated Boolean product ((& ), M,
(ON)2 E) of countably infinite many copies of (M, E). Let us denote ¢,: M = U
the inclusion which maps M to its n-th copy in U. Then B, := (U, E, (tn)nen) is an
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operator valued exchangeability system for (M, E'). Let us define partitioned mixed
moments by

EB‘“”[yl, . 7yk:] = E[le (yl) - by, (yk)]v

where j : [k] - [n] with kerj = 7. We omit the index B, if there is no confusion,
and write E7.

Let (M;)je; be a family of o-weakly closed subalgebras of M (not necessarily
1y € M;). Suppose that for any j € J,

(4.1) NM; c M;, M;N ¢ M;.

(M;) ey is said to be B,-independent if the following condition holds: for any & € N,
weM,;, e, l=1,... kand meP(k),

Eﬂ[yla s ayk] = Eﬂ/\kerj[yh o 7yk;]

Remark 4.6. By the construction of the exchangeability system, it is easy to see
that (M;),es is B,-independent if and only if it is Boolean independent with respect
to .

We define operator valued cumulants by replacing the state by the conditional
expectation.(See [Leh04, Defn. 2.6] for the definition in the case of C-valued non-
commutative probability space).

Definition 4.7. Denote by (Kf“)ﬂep the cumulants given by the operator valued
exchangeability system B,, that is,
Kfa[yla s 7yk] = Z Eo[ylv s 7yk]:uP(k)(7T70-)7

weP(k)
<o

and we call them Boolean cumulants with respect to E. If there is no confusion, we
denote by KE the cumulant K%*. Let us denote by K the cumulant K{ forneN.

Similar to C-valued exchangeability case, corresponding independence can be
characterized by vanishing of mixed cumulants.

Theorem 4.8. Let (M;) es be a family of o-weakly closed *-subalgebras of M with
(4.2). Then (M;) es is Boolean independent with respect to E if and only if

Kf[yjlanga'“ayjk]zoa
whenever w ¢ kerj, je JE keN, y; € M;, and j e J.

Proof. By the general result of Lehner [Leh04], we can see that the vanishing of
mixed cumulants is equivalent to the B,-independence. By Reml[4.6] that is also

equivalent to Boolean independence with respect to £, which proves the theorem.
O

Notation 4.9. Let (5,<) be a finite totally ordered set and we write S = {s1 < 553 <
o+ < 8, }. For a family (ay)ses of elements in M, we denote by [],.qas the ordered
product [T.gas = ag,--as,.
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We have the following formula of Boolean cumulants.

Proposition 4.10. For we€ P(k), y1,...,yxr € M and k € N,
ve. KEA[y1, .. ], if mel(k),
(42> Kf[yh,yk]:{ \% (V)[ 1 k] ( )

0, otherwise,

where K(V)[yl,...,yk] = KEyj, ..oy ] for Vo={j1 < ja < ... < jm}. For an
interval partition m and blocks V.W e, we write V< W if k <l for any k eV and
leW. The set m is a totally ordered set under the relation <.

Moreover, we have

E[ylyk] = Z Kfj[ylv'-'vyk]a
mel (k)

foryi,...,yr € M and k € N.
Proof. For we I(k), y1,...,yr and k € N, it is easy to see that

E 3/1,-~-»yk: HEHy]

Ver jev

Hence by the same proof of [Leh04, Prop.4.10], we have the factorization rule in
(4.2). By the same proof as in [Leh04, Prop.4.11], we obtain the rest of (4.2). We
obatain E[y1-yr] = Xrepey KE[Y1 -, yx] by the definition of cumulants Defn.,

which completes the proof. L
Corollary 4.11. Then for o € I(k), k € N, we have the moments-cumulants formula
(43) Kf[y17'-'7yk Z E(W) yla"'vyk‘]”l(k)(ﬂ-ﬂg)‘
wel (k)
w<o
Proof. This is followed by Prop/4.10)| O

Example 4.12. A self-adjoint element x € M is said to be centered Bernoulli, shifted
Bernoulli with respect to E if for any by, ...,bg1 € Nu{ly} and k € N, the following
hold, respectively.

E[zbyxby---by_q2] Z KE[xby, 2by, ... 7],

71'6[2(]{,‘)
Blabixby-bpqz]= Y KEP[ab,ab,,... x].

mely (k)

Suppose N = Cl,; and E is a normal state on M. Let z be a self-adjoint element
in M.
(1) The distribution of x with respect to E is the centered Bernoulli distribution
if and only if
Og +0_o
2

x/\/

for some o > 0.
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(2) The distribution of z is the shifted Bernoulli distribution if and only if

aéa +65,5
a+f3

T

for some «, 5 > 0.

Corollary 4.13. Let (x;)e; be a family of self-adjoint elements in M. Then () ey
s Boolean independent identically distributed with respect to E if and only if

E[lebla:jgb?“bkflxjk] = Z Kf[wlbl, xle, e ,371]
wel (k)
m<kerj

for any by, -, by e Nu{ly}, je J* keN, and a; € M;, and je J.

Proof. Thm[4.8land the vanishing of cumulants for non-interval partitions (see Prop[4.10))
proves the corollary. O

5. BoOOLEAN DE FINETTI THEOREMS

Let (M,p) be a pair of von Neumann algebra and normal state with faithful
GNS representation and consider an infinite sequence (z;)jey. We may assume
M < B(H),Q € H is the cyclic vector for M, and ¢ is implemented by €2. Throughout
this section we suppose ev,. (£ ) is o-weakly dense in M, where ev,, is the evaluation
map(see Notation [L.1] for the definition).

Definition 5.1. We say that the joint distribution of (x;);ay with respect to ¢ is
GP-invariant if it is invariant under the coactions of (C(GP2))en, that is,

((pOer®id)O\I/n:(pOve®p
holds for any n € N.

At first we show the purely combinatorial part of Boolean de Finetti theorems.
This proposition is a Boolean analogue of [BCS12, Prop 4.3].

Proposition 5.2. Suppose (x;);c; is Boolean independent identically distributed
with respect to some p-preserving conditional expectation E:M — N, and

K,f[xl,xl,...,xl] 20,

for all k ¢ Lp. Then its joint distribution with respect to ¢ is GP-invariant.
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Proof. By the moment cumulant formula and the relations ((2.1)), for any j € [n]*
and k e N,

(poev, ®id) o U, (X, Xj,)
= Z @(xl1xzk) ® PUiyjy - Wipjy, P

ie[n]k

= Z Z Kgr)[xlw--?xl]®pui1j1“'uikjkp
ie[n]’C 7T€D(k‘)

w<keri
Z Kgr) [l‘l, A ,ZL’l] ® Z PUsy 17 Uiy 5, P
meD(k) ie[n]*
w<keri
= Y KP,...,o]ep
weD(k)
m<ker j

=poev,(Xj--Xj,)®p.
]

Next, we prove that GP-invariance implies the existence of the normal conditional
expectation onto the tail algebras. This construction was motivated by [Liul4].

Lemma 5.3. Let e,y € B(H) be the orthogonal projection onto the closed subspace
M.a) (see Notation for the definition of May). If the joint distribution of
(z;)jen is GP-invariant, then

Etail[y] = Ctail Y Ctail (y € M)

is a normal conditinal expectation onto M.y with a faithful GNS representation,
with respect to the embedding M. € M. In particular,

Mtail = etailMetail-

Proof. We can construct the following representation of C'(GP).

Let vq,...,v9, be the natural complete orthonormal system of the 2n-dimensional
Hilbert space [2,. Set vy = vgsa, for all k € Z. Denote P(v) by the orthogonal
projection onto Cuv. Let
(5.1) Uij = P(Va(isjy-3 + Va(j-i)+2),

(5.2) P = P(v; + 09+ +U,).

Then m:u;; —» Uy, p — P defines a representation of C'(GY).
Hence by [Liul4l Lemma 6.5.], the GP-invariance implies:

(5-3) ooyt = (@)™ ™),

whenever iy # iy # -+ # 4, and mq,...,my € N,
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Therefore, the same proof as in [Liul4] remains valid for GP-invariance: the *-
endomorphism sh: M — M ; sh(x;) = x4 is well-defined on M,
Evaa[y] = w- lim sh™(y)
exists for any y € M and E is a p-preserving normal conditional expectation onto
Mtg; [Liul4], the equation implies that
oW1 Erann[y2]y3) = ¢(Erait[Y1]y2 Eran[y3]),

for any y1,y9,y3 € M. As ¢ has a faithful GNS representation,
Eiai[y] = €tait Y €tail,
for any y € M. Hence egaybeia = b for any b e Mi,;. Let ¢ be the unit of Mi,;. Then
q = Eail[q] = €1ail g €tail-

AS el vr€iail = €tail, €tail 18 @ projection in Mi,;. Therefore, g = ey, Thus M,y =
Etail(M ) = €tail M €qail-
O

Remark 5.4. Suppose the joint distribution of (z;);ey is GP-invariant. Then E,,
preserves ¢ o ev,. Hence for any f € 22,

eneVa(f)en = eve(En(f))en,

where e,, is the orthogonal projection onto ev,(Z2¥»)QQ.

In [BCS12], a noncommutative martingale convergence theorem of cumulants
plays an important role in the proof of de Finetti theorems. Since ¢ is not faithful,
we modify this convergence theorem.

Proposition 5.5. Let (%, )nen be a decreasing sequence of x-subalgebras of P22,
and set

Be = () eva(%,).

neN
We suppose the following conditions:

(1) There is a v oev, preserving conditional expectation E,: P9 — B, for each
n e N.
(2) BOOQ = MtaﬂQ.

Let e,, be the orthogonal projection onto m. Then we have
s-limeve (B[ frs- o fil)en = B f1(@), - fiul@)],
s-limev, (K[ i, fil)en = KP=[fu(z), ..., fi(@)],
whenever me I(k),keN, and f1,..., fr € .
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Proof. For any 7€ I(k),
eVI(E:«:[fl, e 7fk])en = H enET(LV)[fla ceey fk]en
Ver

By condtition (ii), s-lim,_,. €, = €t1. Hence we have strong convergence of mixed
conditional expectations. The strong convergence of mixed cumulants follows from
the fact that mixed cumulants are linear combination of mixed conditional expec-
tations. U

By the same proof as in [BCS12, Prop.4.7], we have the following lemma.

Lemma 5.6. Assume the joint distribution of (x;)jes ts GP-invariant. Then for
any 7€ D(k) and sufficiently large n,

1
Ef[Xi o Xi)= oo B Xo XX,
ie[n]*

w<keri

Lemma 5.7. Let M be a von Neumann algebra. Fix a nonzero projection e € M.
Set a conditional expectation E:M — N =eMe by E(y) = eye. Then

(5.4)
KE[y, - ub, o1, k] = {Kﬁ[lyl] (Y1, ... 7yl]bK7ﬁ[l+1,k] (i1, syl Kk +‘1,
0, otherwise,
whenever be Nyyy,...,yr € M, e I(k) and I < k.
Proof.
K3 [110,92] = E[y1bya] - E[y1b] E[ys] = 0.
Let m > 3. Assume holds for any m whose blocks have size less than m. Then
K[y b, Yuers = Yom]

:E[yl-..yz591+1--~ym]— Z Kf[yl,"vylb,ym,"',?Jm]

wel(m),m#1lm

=Elyi ... ulbElyi1 - ym] = D Kf[yh'",?/l]bK](Ep)[yuh“‘;ym]

oel(l)
pel(m-l1)
=0.
Hence if the size of each block in a interval partition 7 is less than or equal to m,
then [5.4] is satisfied. The induction on m proves the lemma. U

Now we are prepared to prove our main theorem, de Fintetti theorems for quantum
semigroups C'(GP).

Theorem 5.8. Let (M, ) be a pair of von Neumann algebra and normal state
with faithful GNS representation. Assume M is generated by self-adjoint elements

(%) jen-
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Let D be a blockwise category of interval partitions. If the joint distribution of
(z5)jen is GP-invariant if and only if the following hold.
(1) (z;)jen is Boolean independent identically distributed with respect to Eiay.
(2) Ko [a1by,21bg, ..., 21] =0 for all k¢ Lp, by, by, € Mgy U {1}.
In particular, if the above equaivalent conditions are satisfied for one of D = Iy, I,
and Iy, then the following hold:

(a) 1 has a conditional centered Bernoulli distribution if D = I5.
(b) x1 has a conditional shifted Bernoulli distribution if D = I,.
(¢) Every odd moments of x1 vanish if D = I,.

Proof. By Prop. [5.2] condition (2) implies condition (1). Assume (1). At first, we
prove
(5-5) Etail[lﬁjl"'lfjk] = Z Kfm“[xl,...,xl],

oeD(k)
o<kerj

for any ji,...,Jx € J,k € N. By Remark [3.3] and Lemma [5.6
EN[Xhij'"Xjk] = Z XilXiz'"Xiin(jk)
ie[n]k

= Z X“XZQX% Z W]f’n(ﬂ',a)
ie[n]k m,oeD(k)
w<keri,o<kerj

1 ™
= Z Z (W Z XZ1X12X7,;¢)”‘ |Wk,n(7ra0—)
oeD(k) meD(k) ™" ie[n]*
o<ker j w<keri
= > Y ENXy,.... Xqn"Wy (7, 0),
oeD(k) meD(k)
o<kerj

for sufficiently large n. By the Weingarten estimate (3.4)) and the moments-cumulants
formula (4.3]), we have

||eVa:(En[Xhij'”Xjk])en - Z evx(Kfn [Xh e aXl])enH
oeD(k)
o<kerj

= ||evw(En[leXh"'Xjk])en - Z Z evw(E:Lr[le s 7X1]):u1(k)(7r7 U)enn
oeD(k) meD(k)

o<kerj

C
< R

n

for some constant C' > 0. For any ng € N,
1
|| || Z lex'LQ‘r'Lk”_)O (asn—»oo).
n ie[n]*\[ng,n]k
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Thus we have

lim e,2;, @), x;, 2 = lim (ev, o E,[ X, X, X, 1) € Mian €.

n—>0o n—o00

Hence
BOOQ = MtailQ'

By the modified martingale convergence theorem we obtain the desired equation
B3).

The proof is completed by showing that for any by, . .., b, € MyqU{1}, j1,...,jrx € J,
and k e N,

(56) Etail[mjlblxjng"'bk—lxjk] = Z Kfta“[l'lbl,mlbg,...,l’l].

oeD(k)

o<kerj
We prove this by the induction on #{l € [k-1];b; # 1}. Pick any m € Nu{0},m < k-1.
Assume that (5.6)) is proved in the case that #{l € [k —1];b; # 1} < m. Consider the
case #{l € [k—1];b; # 1} = m. Let r = max{l € [k - 1];; # 1}. Then by Lemma[5.7]
and the condition (D1),

FEai
K@i [z1by, ..., 210y ... 21 ]
oeD(k),o<kerj

Etaj Etai
= Z el [gjlbl,...,l'l]brKo_‘ET:l " [$1br+1,...,$1]
oeD(k),o<kerj '

rér+l
o
- Eiai E,.:
- Z K?Tta]l[xlbla"'7xl]b’r Z Kpmll[xlbr_;_l,...,l'l]
meD(r) peD(k-r)
m<ker jl[1,r psker jl[ri1, k]

= Etail[le bl"'wjr]brEtail[xjrn br+1"'$]’k]
= Eran[7,012,b9 b 175, .

By the induction on m, ([5.6) holds for any by, ...,bx € M U {1}, which proves
the theorem. O

Remark 5.9. The proof of Thm/5.8 has been devided into two steps because there
exist bl, ceey bk—l € P¥» with

En[lelejng“'bk—lXjk] % Z Xilleing'“bk—lXik ®pui1j1 e uikjkp7

ie[n]k

since ¥,, is not an endomorphism. To see this, consider the case n = 3, k = 2,
J1=72=3 and by = f1, € ZZ¥3. Assume

B3[X3f1,X5]) = > X, f1, X5, ® pu, sy 3p.
ie[3]2
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As the set {X;, X;,X;, X, | je = 1,2,3 and k = 1,...,4} is linearly independent, it
follows that

PU1,3( Z Ul,jul,j)u3,3pZPU1,3U3,3P-

j=1,2,3
Let (U;;(i,j =1,2,3), P) be the representation (5.1)) of C(G?). Then we have
2
PU3( Y Uy jUs;)UssP = gP,
j=1,2,3

PU, 3U3 3P = 0.

We obtain a contradiction.
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