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A NONCOMMUTATIVE DE FINETTI THEOREM FOR BOOLEAN
INDEPENDENCE

WEIHUA LIU

ABSTRACT. We introduce a family of quantum semigroups and its natural coactions
on noncommutative polynomials. We define three invariance conditions for the joint
distribution of sequences of selfadjoint noncommutative random variables associated
with these coactions. For one of the invariance conditions, we show that the joint
distribution of an infinite sequence of noncommutative random variables satisfies it
is equivalent to the fact that the sequence of the random variables is identically dis-
tributed and boolean independent with respect to the conditional expectation onto
its tail algebra. This is a boolean analogue of de Finetti theorem on exchangeable se-
quences. In the end of the paper, we also discuss the other two invariance conditions
which lead to some trivial results.

1. INTRODUCTION

In classical probability, the study of random variables with distributional symmetries
was started by the pioneering work of de Finetti on 2-point valued random variables.
One of the most general versions of de Finetti’'s work states that an infinite sequence
of random variables, whose joint distribution is invariant under all finite permutations,
is conditionally independent and identically distributed. One can see e.g. [12] for an
exposition on the classical de Finetti theorem for more details. Also, see [11], Hewitt
and Savage considered the distributional symmetries of random variables which are
distributed on X = F x F X E x ---, where E is a compact Hausdorff space. Later,
in [21], an early noncommutative version of de Finetti theorem was given by Stgrmer.
His work focused on exchangeable states on the infinite reduced tensor product of C*-
algebras. Roughly speaking, in noncommutative probability theory, Stgrmer studied
symmetric states on commuting noncommutative random variables. Recently, in [14],
without the commuting relation, Kostler studied exchangeable sequences of noncom-
mutative random variables in W*— probability spaces with normal faithful states. In
classical probability, if the second moment of a real valued random variable is 0, then
the random variable is 0 a.e.. Faithfulness is a natural generalization of this property
in noncommutative probability, readers are refered to [24]. Kostler showed that ex-
changeable sequences of random variables possess some kind of factorization property,
but the exchangeability does not imply any kind of universal relation. In other words,
we can not expect to determine mixed moments of an exchangeable sequence of ran-
dom variables in Speicher’s universal sense [19]. By strengthening “exchangeability” to
invariance under a coaction of the free quantum permutations, in [15], Kostler and Spe-
icher discovered that the de Finetti theorem has a natural analogue in Voiculescu’s free
probability theory(see [24]). Here, free quantum permutations refer to Wang’s quantum
groups As(n) in [27].
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Kostler and Speicher’s work starts a systematic study of the probabilistic symmetries
on noncommutative probability theory. Most of the further projects are developed by
Banica, Curran and Speicher, see [1],[5],[6]. They showed their de Finetti type theo-
rems in both of the classical(commutative) probability theory and the noncommutative
probability theory under the invariance conditions of easy groups and easy quantum
groups, respectively. All these works in noncommutative case are proceeded under the
assumption that the state of the probability space is faithful. This is a natural assump-
tion in free probability theory, because in [7], Dykema showed that the free product of
a family of W*-probability spaces with normal faithful states is also a W*-probability
space with a normal faithful state. Thus the category of W*-probability spaces with
faithful states is closed under the free product construction. Since the family of W*-
probability spaces with normal faithful states is a part of W*-probability spaces with
normal faithful states, one may ask what happens to probability spaces with states
which are not necessarily faithful. More specific, what is the de Finetti type theorem
for more general noncommutative probability spaces?

Recall that in the noncommutative realm, besides the freeness and the classical in-
dependence, there are many other kinds of independence relations, e.g. monotone in-
dependence [16], boolean independence[20], type B independence [3] and more recently
two-face freeness for pairs of random variables[23]. All these types of independence
are associated with certain products on probability spaces. Among these products, in
[19], Speicher showed that there are only two universal products on the unital non-
commutative probability spaces, namely the tensor product and the free product. The
corresponding independent relations associated with these two universal products are
the classical independence and the free independence. It was also showed in [19] that
there is a unique universal product in the non-unital framework which is called boolean
product. This non-unital universal product provides a way to construct probability
spaces with non-faithful states from probability spaces with faithful states. The more
general noncommutative probability spaces will be defined in section 6 which are called
noncommutative probability spaces with non-degenerated states. We would expect that
boolean independence plays the same role in noncommutative probability spaces with
non-degenerated states as the classical independence and the freeness play in commu-
tative probability spaces and noncommutative probability spaces with faithful states,
respectively. The main purpose of this work is to give certain distributional symme-
tries which can characterize conditionally boolean independence in de Finetti theorem’s
form.

To proceed this work, we will construct a class of quantum semigroups Bs(n)’s and
its sub quantum semigroups Bg(n)’s. Then, we can define a coaction of By(n) on the
set of noncommutative polynomials with n-indeterminants. Unlike B(n), there are two
natural ways to define coactions of By(n) on the set of noncommutative polynomials.
The first way considers the set of noncommutative polynomials as a linear space, the
coaction of Bs(n) defined on the linear space will be called the linear coaction of By(n)
on the set of noncommutative polynomials. The second way defines the coaction of
Bs(n) by considering the set of noncommutative polynomials as an algebra, the coaction
of Bs(n) defined as a coaction on the algebra will be called the algebraic coaction of
Bs(n) on the set of noncommutative polynomials. With these three coactions of the
quantum semigroups on the set of noncommutative polynomials with n-indeterminants,
we can describe three invariance conditions for the joint distribution of any sequence of



A NONCOMMUTATIVE DE FINETTI THEOREM FOR BOOLEAN INDEPENDENCE 3

n random variables (z1, .., x,). We will show that the invariance conditions determined
by the algebraic coaction of Bs(n) and the coaction of By(n) are so strong such that
if the joint distribution of the sequence of n random variables (xy, ..., x,) satisfies one
of the invariance conditions, then 1 = 29 = -+ =z, or r1 = 19 = --+ = T, =
0,respectively. In this paper, we are mainly concerned with the invariance conditions
which are determined by the linear coactions of the quantum semigroups Bg(n)’s. Before
proving the main theorems, we will study tail algebras in W* probability spaces with
non-degenerated normal states. There will be a brief discussion on why we should
consider these more general spaces. Unlike WW* probability spaces with faithful normal
states, we will define two kinds of tail algebras, one contains the unit of the original
algebra and the other may not. As Kostler did in [14], we will define our conditional
expectation by taking the WOT limit of “shifts”. One of the differences between our
work and Kostler’ result is that our tail algebra may not contain the unit of the original
algebra. Then, we will prove the following theorem for the two different cases (tail
algebra with the unit of the original algebra or not):

Theorem 1.1. Let (A, ¢) be a W*-probability space and (z;);en be an infinite sequence
of selfadjoint random variables which generate A as a von Neumann algebra and the
unit of A is (not) contained in the WOT closure of the non unital algebra generated by
(x;)ien - Then the following are equivalent:

a) The joint distribution of (z;)en Satisfies the invariance condition associated with
the linear coactions of the quantum semigroups Bs(n)’s.

b) The sequence (z;)ien is identically distributed and boolean independent with re-
spect to the ¢—preserving conditional expectation E onto the non unital(unital)
tail algebra of the (x;)ien

One can see the definitions of Ag(n) and Bs(n) in section 2 and 3 for details. It
should be mentioned here that Wang’s quantum permutation group A,(n) is a quotient
algebra of Bs(n) for each n. Moreover, both of the invariance conditions associated
with the linear coactions and the algebraic coactions of the quantum semigroups B(n)’s
are stronger than the invariance condition associated with the quantum permutations
Ags(n)’s

The paper is organized as follows: In Section 2, we recall the basic definitions and
notation from the noncommutative probability theory, Wang’s quantum groups and
exchangeable sequence of random variables. In Section 3, we introduce our quantum
semigroup Bg(n) and its sub quantum semigroups Bs(n). Then, we introduce a linear
coaction of the quantum semigroup Bs(n) on the set of the noncommutative polynomi-
als. We will define an invariance condition associated with the linear coaction of By(n).
In section 4, we have a brief discussion on the relation between freeness and boolean
independence. We show that operator valued boolean independence implies operator
valued freeness in some special cases. In section 5, we prove that the joint distribution
of a finite sequence of n boolean independent operator valued random variables are
invariant under the linear coaction of Bs(n). In section 6, we recall the properties of
the tail algebra of any infinite exchangeable sequences of noncommutative variables and
study the properties of the tail algebra under the boolean exchangeable condition. In
section 7, we will prove the main theorems and provide some examples. In section 8,
we define a coaction of Bgs(n) and an algebraic coaction of Bs(n) on the set of noncom-
mutative polynomials in n indeterminants. Then, we define the invariance conditions
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associated with these coactions. We will study the set of random variables (z1, ..., z,,)
whose joint distribution satisfies one of these invariance conditions.

2. PRELIMINARIES AND NOTATION

2.1. Noncommutative probability space. We recall some necessary definitions and
notation of noncommutative probability spaces. For further details, see texts [15], [17],
2], [24].

Definition 2.1. A non-commutative probability space (A, ¢) consists of a unital alge-
bra A and a linear functional ¢ : A — C. (A, ¢) is called a x-probability space if A is
a *-algebra and ¢(xz*) > 0 for all z € A. (A, ¢) is called a W*-probability space if A
is a W*-algebra and ¢ is a normal state on it. We say (A, ¢) is tracial if

d(zy) = dp(yx), Va,y € A

The elements of A are called random variables. Let z € A be a random variable, then

its distribution is a linear functional p, on C[X]( the algebra of complex polynomials
in one variable), defined by p,(P) = ¢(P(z)).

Note that we do not require the state on W*-probability space to be tracial. We will
specify the probability spaces we concern in section 6 and section 8.

Definition 2.2. Let I be an index set, the algebra of noncommutative polynomials in
|I| variables, C(X;|i € I), is the linear span of 1 and noncommutative monomials of the
form XikllXi’Z2 > -Xi]jl” with iy # 49 # --- # 1, € I and all k;’s are positive integers. For
convenience we will use C(X;|i € I)g to denote the set of noncommutative polynomials
without constant term.

Let (x;);e; be a family of random variables in a noncommutative probability space
(A, ¢). Their joint distribution is a linear functional p : C(X;|i € I) — C defined by

X XE o XE) = oabal o),

in

and p(1) = 1.

Remark 2.3. In general, the joint distribution depends on the order of the random
variables, e.g. let I = {1,2}, then pu,, ,, may not equal f,,,,. According to our
nOtati0n> Moy ,z0 (X1X2) = ¢($1x2)> but Hzg,zq (X1X2) = ¢($2$1)'

Definition 2.4. Let (A, ¢) be a noncommutative probability space, a family of unital
subalgebras (\A;);c; is said to be free if

¢lar---an) =0,

whenever ay € A;,, i1 # g # -+ - # i, and ¢(ag) = 0 for all k. Let (z;);e; be a family
of random variables and 4;’s be the unital subalgebras generated by x;’s, respectively.
We say the family of random variables (x;);c; is free if the family of unital subalgebras

(A;)ier is free.

Definition 2.5. Let (A, ¢) be a noncommutative probability space, a family of (usually
non-unital) subalgebras {A4;|i € I} of A is said to be boolean independent if

P(r129 -+ 20) = P(21)P(22) - - P()
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whenever ;, € Ay with i(1) # i(2) # --- # i(n). A set of random variables {z; €
Ali € I} is said to be boolean independent if the family of non-unital subalgebras A;,
which are generated by x; respectively, is boolean independent.

One refers to [9] for more details of boolean product of random variables. Since the
framework for boolean independence is a non-unital algebra in general, we will not
require our operator valued probability spaces to be unital:

Definition 2.6. An operator valued probability space (A, B, F : A — B) consists of
an algebra A, a subalgebra B of A and a B — B bimodule linear map E : A — B i.e.

E[blabg] = blE[a] bg,

for all by, by € B and a € A. According to the definition in [22], we call E a conditional
expectation from A to B if E is onto, i.e. E[A] = B. The elements of A are called
random variables.

In operator valued free probability theory, A and B are unital and have the same
unit

Definition 2.7. Given an algebra B, we denote by B(X) the algebra which is freely
generated by B and the indeterminant X. Let 1x be the identity of C(X), then B(X)
is set of linear combinations of the elements in B and the noncommutative monomials
boXb1 Xby---b,_1Xb, where b, € BU{Clx} and n > 1. The elements in B({X)
are called B-polynomials. In addition, B(X), denotes the subalgebra of B(X) which
doesn’t contain the constant term i.e. the linear span of the noncommutative monomials

boXb1 Xby b, 1Xb, where b, € BU{Clx} and n > 1. B(X)o.

Given an operator valued probability space (A, B, E : A — B) such that A and B
are unital. A family of unital subalgebras {A4; D B}c; is said to be freely independent
with respect to F if

Elay---a,] =0,
whenever iy # iy # -+ # iy, a € A;, and Efa] = 0 for all k. A family of (z;);es is said
to be free independent over B, if the unital subalgebras {A;};c; which are generated by
x; and B respectively is free, or equivalently

Elpi(zi,)p2(7i,) - - pul4,)] = 0,

whenever iy # iy # -+ # in, P1,y ..., pn € B(X) and E[py(x;,)] = 0 for all k.

Let {x;}ie; be a family of random variables in an operator valued probability space
(A,B,E : A — B). A, B are not necessarily unital. {z;},c; is said to be boolean
independent over B if for all iy,...,4,, € I, with iy # i3 # --- # i, and all B-valued
polynomials py, ..., p, € B(X)¢ such that

Elpy(wi)pa(@iy) - - pu(@i,)] = Elpy(2i)| Elpa(3,)] - - - Elpn(ai, )]

2.2. Wang’s quantum permutation groups. In [27], Wang introduced the following
quantum groups A,(n)’s.

Definition 2.8. A (n) is defined as the universal unital C*-algebra generated by ele-
ments u;; (¢, j = 1,---n) such that we have

L

e cach u;; is an orthogonal projection, i.e. uj;

.2 A
u; = ug; forall 4,7 =1,..,n.
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e the elements in each row and column of u = (u;;); j=1,., form a partition of

unit, i.e. are orthogonal and sum up to 1: for each i = 1,--- ,n and k # [ we
have
uiguy =0 and  uguy = 0;
and for each ¢ = 1,--- ,n we have
Z uyp =1= Z Uk
k=1 k=1

As(n) is a compact quantum group in the sense of Woronowicz [26], with comultipli-
cation, counit and antipode given by the formulas:

n
Aui]— = E U & U
k=1

€(uij) = 0y

S(u,]) = Uj;-
The right coaction of Ag(n) on C(Xj,...,X,) is a linear map «a : C(Xy,...,X,) —
C(X1,..., Xn) ® Ag(n) given by:

O‘(Xi1Xi2 o 'Xim) = Z leij o 'ij @ Ujy iy Wjnin ™ Ui »
Jiejm=1
where ® denotes the algebraic tensor product.

In the earlier papers, « is defined as an algebraic homomorphism. We emphasis on
the linearity here because we will define some coactions of our quantum semigroups on
noncommutative polynomials in a similar way. The right coaction has the following
property:

(o ®id)a = (id ® A)a.

Let (;)ien be an infinite sequence of random variables in a noncommutative prob-
ability space (A, ¢), the sequence is said to be quantum exchangeable if their joint
distribution is invariant under Wang’s quantum permutation groups, i.e. for all n, we
have

Hazy,..xn (p)lAs(n) = Hzq,...,zn ® ZdAS(n) (a(p)),
where iz, ., is the joint distribution of x, ..., ,, with respect to ¢ and p € C(X7, ..., X,,).
For example, if p = X, X, - - - X, , then the equation above can be written as:

i'm Y

QS(zilxiZ o xim)]'As(n) = :uxl,---xn((XilXiz o 'Xim)lAs(n)

n
= Hazy,..z, ® ZdAs(n)( Z Xj1Xj2 o 'ij ® Wjy i1 Ugayin = ° 'ujmﬂ'm)
j17"'7jm:1

= Z ¢(xj1xj2 o 'Ijm)ujl,ilujmiz © Ugim s
J1,-jm=1
whenever iy #£ iy #£ -+ - % 1,,.
Let S, be the permutation group on {1,...,n}. The joint distribution of (z;);en is said
be exchangeable if for all n, o € S,,, we have

/’Lxlrnxn = Mmo’(l)v"'vmc(n)’

where fi,, . ., is the joint distribution of x4, ..., 2, with respect to ¢ . It is showed in
[15] that quantum exchangeability implies classical exchangeability.
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3. QUANTUM SEMIGROUPS

Our probabilistic symmetries will be given by the invariance conditions associated
with certain coactions of our quantum semigroups. First, we recall the related defini-
tions and notation of quantum semigroups.

A quantum space is an object of the category dual to the category of C*-algebras([25]).
For any C*-algebras A and B, the set of morphisms Mor(A, B) consists of all C*-algebra
homomorphisms acting from A to M (B), where M(B) is the multiplier algebra of B,
such that ¢(A)B is dense in B. If A and B are unital C*-algebras, then all unital C*-
homomorphisms from A to B are in Mor(A,B). In [1§],

Definition 3.1. By a quantum semigroup we mean a C*-algebra A endowed with an
additional structure described by a morphism A € Mor(A, A® A) such that

(A®idy)A = (idg ® A)A.

In other words, A defines a comultiplication on 4. Here the tensor product ® denotes
the minimal tensor product ®,,;,.
Now, we turn to introduce our quantum semigroups:
Quantum semigroups (Bs(n), A): The algebra B,(n) is defined as the universal
unital C*-algebra generated by elements w;; (i,7 = 1,---n) and a projection P such
that we have

e each u;; is an orthogonal projection, i.e. uj; = u;; = u?j foralli,j=1,--- n,
[ J

uipuig =0 and  wugu,; =0,
whenever k # [

eltorall1<i<n,P=)> wu,P.
k=1

We will denote the unite of Bs(n) by I, the projection P is called the invariant projection
of By(n).
On this unital C*-algebra, we can define a unital C*-homomorphism

A : Bs(n) = Bs(n) ® By(n)

by the following formulas:

and
AP=PoP, AI=1®I.

We will see that (Bs(n), A) is a quantum semigroup. To show this we need to check
that A defines a unital C*-homomorphism from Bg(n) to Bs(n) ® Bs(n) and satisfies
the comultiplication condition :

n
First, Au; j = Y u; ,®@uyg ; is a projection because u; j, uy, ; are projections and w; yu;; =

k=1
0if k # [, u; , ® u ;’s are orthogonal to each other. Also, AP =P ® P is a projection.
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Let [ # m, then

A(ui,l>Aui,m = (> Ui & ukl)( Ui j & uj,m)
—1

k=1 J

n
= > UikUij @ Up Ujm
k,j=1

n
= > Uik @ Up Uk
k=1

= 0.

The same, we have A(u;;)Au,,; = 0, for m # [. Moreover, we have

AQ w)AP = (Y wip®u,,) PP
=1 Lk=1

n
= > uiP ®u,P
Ih=1
n

and A sends the unit of By(n) to the unit of Bs(n) ® Bs(n). Therefore, A defines a
unital C*-homomorphism on Bg(n) by the universality of By(n).

The comultiplication condition holds, because on the generators we have:

(A ® idA)Aui,j = Z U @ Up] Q@ Up; = (idA ® A)Aui,j
=1

(AR id)AP =P @P @ P = (idy ® A)AP
(A@id)AI =T @I &I = (ids ® A)AL

Therefore, (Bs(n), A) is a quantum semigroup.

Remark 3.2. If we let the invariant projection to be the identity, then we get Wang’s
free quantum permutation group. Therefore, As(n) is a quotient C*-algebra of Bs(n),
i.e. there exists a unital C*-homomorphism (3 : Bs(n) — As(n) such that 5 is surjective.

Now, we provide some nontrivial representations of Bg(n)’s:
Let C% be the standard 6-dimensional complex Hilbert space with orthonormal basis
V1, ..., Vg. Let

Pll - Pvl-i-’l)ga P21 - Pv3+’l)4a P13 - PU5+U67
P21 - Pv3+’l)6a P22 - va-i—’l)ga P23 - PU1+U47
P31 = Pyyvs, P2 = Pyyg, P33 = Poyros
and P = Py, 1y, +vs+vs+vs+vs, Where P, denotes the one dimensional orthogonal projec-

tion onto the subspace spaned by v. Then the unital algebra generated by P;; and P
gives a representation m of B,(3) on C° by the following formulas on the generators of

Bs(3):
w(I) = Ics, m(u;j) =Py, ©(P)=P.
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7 is well defined by the universality of By(3).
Moreover, the matrix form for P, ; and P with respect to the basis are

110000 111111
110000 111111
000000 111111
Pu=1/2 0000 |2dP=161 711 1 11|
000000 111111
000000 111111
then we have
111111
111111
111111
PPAP=1/18| 1 1 1 1 11 | =13P
111111
111111

In general,we have

Lemma 3.3. Let vy, ..v5, be an orthonormal basis of the standard 2n—dimensional
Hilbert space C*™, and let vy, = Vjya, for all k € Z, let

Pi,j:Pv

2(i—5)+1TV2(j—i)+27

where P, 1s the orthogonal projection the one dimensional subspace generated by the
vector v and P = Py iyyy.suy,, 1 is the identity of B(C*") . Then {P,;}ij=1. n, P
and 1 satisfy the defining conditions of the algebra Bgs(n),

Proof. 1t is easy to see that the inner product

(Va(i—jy41 T Va(j—i)+2, Va(i—k)+1 + V2(k—i)42) = 20k,
so P P;j = 0if j # k. The same Py, P;; = 0if k # j. Fix i, we see that vy +vo+- - -+v9, €
Span{vaii—jy+1 + Va(j—iy+2|j = 1,..n}, so kilPikP =P. O

Therefore, by lemma B3] there exists a representation 7 of B,(n) on C** which is
defined by the following formulas:

W(lBs(n)) = 1, 7T(P) =P
and
m(uiz) = Pij,
forall 2,5 =1,...,n.
Now, we turn to introduce a sub quantum semigroup of (Bs(n),A). Since P # I is a
projection in By(n), Bs(n) = PBs(n)P is a C*-algebra with identity P and generators
{Puihﬁ c -uik7jkP|7L1,j1, ’lk,]k € {1, n}, k Z 0}

If we restrict the comultiplication A onto Bs(n), then we have

A(Puihjl o 'uik,jkP) P 2 P Z Wiy g " Wiy 1y, @ Uiy gy~ ulkvjk><P ® P)?

=1
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which is contained in Bs(n) ® Bs(n). Therefore, (Bs(n), A) is also a quantum semigroup
and P is the identity of Bs(n). We will call Bs(n) the boolean permutation quantum
semigroup of n.

Remark 3.4. If we require Pu,; = u; ;P for all i,5 = 1,...,n, then the universal
algebra we constructed in the above way is exactly Wang’s quantum permutation group.
Therefore, As(n) is also a quotient algebra of Bs(n).

In the following definition, ® denotes the tensor product for linear spaces:

Definition 3.5. Let S = (A, A) be a quantum semigroup and V be a complex vector
space, by a (right) coaction of the quantum group S on V we mean a linear map L :
YV =V ®A such that

(L®id)L = (id® A)L.

We say a linear functional w : V — C is invariant under L if
(w®id)L(v) = w(v)l4,
where I 4 is the identity of A.
Given a complex vector space W, We say a linear map T : V — W 1s invariant under
L if
(T ®id)L(v) =T (v) ® L4.

Remark 3.6. This definition is about coactions on linear spaces but not coactions on
algebras.

Let C(Xjy, ..., X,) be the set of noncommutative polynomials in n indeterminants,
which is a linear space over C with basis X;, - -- X;, for all integer £ > 0 and 41, ..., 4, €

{1,..n}.
Now, we define a right coaction L,, of Bs(n) on C(Xy,..., X,,) as follows:

Ln(Xll Z le ’ & Pu]l ittt ujn,inP’
~Jr=1
It is a well defined coaction of Bs(n) on C(Xjy, ..., X,,), because:

= ({n@id) > X X5 @Pujg w4, P

n n
= 2 2 Xy X, @Puyccow,, PP, P

= E Xll o 'Xlk ® ( E Pull,jl U ulmjnP ® Pujl,il U ujn,inP)

I dp=1 Jsegp=1
= > Xy X, ®(APu, w0, P)
I dp=1
= (Zd ® A) Z Xll e Xlk ® (Pulhh te 'uln,inP)
Jiye-Je=1

= (Id® AL, (X, - Xi,).
We will call L, the linear coaction of By(n) on C(Xj, ..., X,,). The algebraic coaction
will be defined in section 7.
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Lemma 3.7. Let L,, be the linear coaction of Bs(n) on C(Xq, ..., X,), {wi;}ij=1..n and
P be the standard generators of Bs(n). Then,

n

Lo(pi(Xa) - oe(X) = D pu(X5) - pel(X,) @ Py, - -, i, P,

Jise--Jr=1
for all iy # iy # -+ #ix and py, ..px € C(X).

Proof. Since the map is linear, it suffices to show that the equation holds by assuming
pi(X) = X" where t; > 1 for all [ =1,...k. Then, we have

Ln(fEil ...xil ...xil ...xik)
—_— =

t1 times ty times
n
e ' ' Z . Ijl,l e le,tl e xjk:,l e Ijk,tk ® ]_:)'u/lei1 P ujl,tlil e P
TN, 150 J1 g s d e, 1Tyt =1

=9

NOtlce that ujm,sim jm,sdm,erl

tion becomes

U, im»> the right hand side of the above equa-

ujm,s+1'im

n
t1 tr
> a2l @ Puyy, g, P
Jiseenjk=1
The proof is now completed O

We will be using the following invariance condition to characterize conditionally
boolean independence.

Definition 3.8. Let (A, ¢) be a noncommutative probability space and (x;);en be an
infinite sequence of random wvariables in A, we say the joint distribution satisfies the
invariance conditions associated with the linear coactions of the boolean quantum per-
mutation semigroups Bs(n) if for all n, we have

Hareoon(D)P = s, @ il () (Lnp)
for all p € C(Xy, ..., X,,), where piz, . 4
Let {@;;}ij=1..n be the standard generators of Ag(n), and {u;;}ij=1. »U{P} be the

standard generators of Bs(n), then there exists a C*-homomorphism 5 : Bs(n) — As(n)
such that:

is the joint distribution of x1, ..., x,.

n

Bluij) = tij,  B(P) = La,(n)-
The C*-homomorphism is well defined because of the universality of By(n). Let p =
Xil B sz S C(Xl, ...,Xn>, then

Py ,oan(D)P = flay .2, @ idp, ) (Lnp)
implies
Mx17...7xn(p)P = Mx17...7xn ® Zst(n) (an)
Paron(Xis - X )P = > (g, @ i, ) (X, -+ X, @ Py -5, P).
J1,--Jk=1
Now, apply S on both sides of the above equation, we get
Nm,...,mn(Xil ce Xik)lAs(’ﬂ) = Z (,U«gcl,,,,,gcn ® idAs(n))(le .. 'Xjk ® Wiy iy - - 'ajn,in)u

JiyeJe=1
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which is the free quantum invariance condition. Since p is arbitrary, we have the
following;:

Proposition 3.9. Let (A, ¢) be a noncommutative probability space and (x;)i=1,..n be a
sequence of random variables in A, the joint distribution of (x;)i=1., is invariant under
the free quantum permutations As(n) if it satisfies the invariance condition associated
with the linear coaction of the boolean quantum permutation semigroup Bs(n).

4. BOOLEAN INDEPENDENCE AND FREENESS

In this section, we will show that operator valued boolean independent variables are

sometimes operator valued free independent. Therefore, we should not be surprised
that the joint distribution of any sequence of identically boolean independent random
variables is invariant under the coaction of the free quantum permutations. Especially,
in section 7, operator valued boolean independent variables are always operator valued
free independent when we construct our conditional expectation in the unital-tail alge-
bra case. The properties are related to the C*— algebra unitalization. We provide a
brief review here:
To every C* algebra A one can associate a unital C* algebra A which contains A as a
two-sided ideal and with the property that the quotient C*-algebra A/A is isomorphic
to C. Actually, A = {zI + a|r € C,a € A}, where I is the unit of A. We will denote
2l + a by (r,a) where z € C and a € A, then we have

(x,a) + (y,0) = (x +y,a+b), (r,a)(y,db) = (ry,ab+a+0b), (r,a)" = (Z,a").

Let (A, B, E) be an operator-valued probability space where A and B are not nec-
essarily unital. Let A and B be the unitalization defined above, then we can extend p
to ps.t (A, B, E) is also an operator-valued probability space where E is a conditional
expectation on A.

It is natural to define E as

Elz,a) = (z, Ela)).
E[(1,0)] = (1,0), so E is unital. The linear property is easy to check.
Take (x1,b1), (22,b) € B and (y,a) € A, we have

E[(S(Il, bl)(y, a)(l’g, bg)] = E[S(Zlyl’g, T1T20 + yl’gb + Sl?gbla + LL’lbg + yble + blabg]
= (LL’lySL’g, E[:L’ll’ga + yl’gb + Sl?gbla + LL’lbg + yble + blabg)]
= (LL’lySL’g, S(,’lLL’QE[CL] + nyb + LL’leE[CL] + Sl?le + yblbg + blE[a]bg)
= (z1,01)(y, Ela])(z2, b2)
= (21,b01) E[(y, a)](x2, bo).

It is obvious that £? = E. Hence, E is a B-B bimodule from the unital algebra A to
the unital subalgebra B, i.e. a conditional expectation.

Proposition 4.1. Let (A,B,E) : A — B be an operator valued probability space,
{A;}icr be a B-boolean independent family of sub-algebras and B C A; for all i. Then,
in the unitalization operator probability space (A, B, E), {A;}ier is a B-free independent
family of sub-algebras.

Proof. Let (z,a) € A, where a € A and z is a complex number, then E[(z,a)] =
(x, E[a]), thus E[(x,a)] =0 iff z = 0 and E[a] = 0. )
Now, we can check the freeness directly. Let (zx,ax) € A;,, i.e ap € A;, and z;’s are
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complex numbers, for k = 1,--- ,n and E[zy,a;] = 0 and i; # iy # - - - # i,, then we
have z, =0 forall k =1,--- ,n and
El(z1,a1)(x2, a2) -+~ (¥n,a,)] = E[(0,a1)(0,a2) -+ (0,a,)]
= E[(0,a1as - ay)]
= (0, Flajay---ay,)]
(0, Ela1]Elas] - - - Elay])

= (0,0)=0

and B C A; for all i. O

The examples for this proposition will be given in section 7.3. By checking the
conditions for operator valued freeness directly as we did in the above theorem, we
have

Corollary 4.2. Let (A,B,FE) : A — B be an operator valued probability space, {B C
Ai}ier be a B-free independent family of sub-algebras. Then, in their unitalization oper-

ator probability space (A, B, E), {A;}icr is a B-free independent family of sub-algebras.

5. OPERATOR VALUED BOOLEAN RANDOM VARIABLES ARE INVARIANT UNDER
BOOLEAN QUANTUM PERMUTATIONS

Let Bs(n) be the boolean permutation quantum semigroup of n with standard gen-
erators {u;;}ij=1,..» and P. In this section, we prove that the joint distribution of n
boolean independent operator valued random variables are invariant under the linear
coactions of Bs(n). The following equality is the key to the proof of the statement:
Fix k and 1 <iy,--- i < n, we have

n
' Z Puil,ﬁ o 'uik,jkP

Jiy s gi=1
n n
= Z Pun g1t 'uikflvjk_l( Z uikvjkP)
Jiye s Jrk—1=1 Jr=1
n
= Z Pui17j1 o 'uikflvjk_lp
Jis o Jk—1=1
p— = P'

According to the definition of B,(n), it follows that the product w;, j, - - - u;, j, is not
vanishing only if it satisfies that i; # i;.1 whenever j; # j;,q forall 1 <t <k — 1.

Given a set S, a collection of disjoint nonempty sets P = {V;|i € I} is called a

partition of S'if |J V; =S, V; € P is called a block of the partition P. Let S be a finite
il

ordered set, then all the partitions of S have finite blocks. A partition P = {V;,---V,.}

of S is interval if there are no two distinct blocks V; and V; and elements a,c € V; and

bd e V;st. a<b<corb<c<d An interval partition P = {W;|1 < s < r} is

ordered if a < b for all a € W, b € W, and s < t. We denote by P;(S) the collection of

ordered interval partitions of S.

Let I be an index set, [k] = {1,--- ,k} is an ordered set with the natural order. Let
I* = 1 x I x---x I be the k-fold Cartesian product of the index set I. A sequence
of indices (im)m=1... x € I k is said to be compatible with an ordered interval partition
P={Wy,--- ,W.} € P([k]) if i, = i, whenever a,b are in the same block and i, # i
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whenever a, b are in two consecutive blocks, i.e. Wy and Wy, for some 1 < s < r. One
should pay attention that i, = i, is allowed for a € Wy and b € Wy 5 for some 1 < s <r
Now, we define an equivalent relation ~p, ) on I k. two sequences of indices

(im)mzl,--- k7 Pr([k]) (,jm)m:l,--- k
if the two sequences are both compatible with an ordered interval partition P € P;([k]).

Let J = (im)m=1 k> T = (Jm)m=1.. 1 € {1, ..., n}*, we denote Puy, j,ui, j, = - i, ;, P
by Ujﬂy/.
Lemma 5.1. Fiz k € N, let Bs(n) be the boolean permutation quantum semigroup with
standard generators {u; j}i j=1..., and P. Let Jy = (i1, ,ix), Jo = (J1, -, Jx) € [n]F
be two sequences if indices. Then, the product Uy, g, is not vanishing if Ji ~p,(x)) Jo

Proof. Suppose J; is compatible with an ordered interval partition P; for i« = 1,2. Let
Py={Wy,--- W, }and P, = {Wj,--- , W/}, then P, # P, implies that there exists a
t such that W, # W/ for some 1 <t < min{r;,r}. Take the smallest ¢, then W, = W/
whenever s < t and W, # W/. Then, these two intervals begin with the same number
but end with different numbers, in other words , we have either Wy & W or W} & W,
Without loss of generality, we assume W, ; W/, then there is a number ¢ s.t ¢ € W,
but ¢ +1¢ W, and q,q¢+ 1 € W/. Now, we have i, # i,41 and j, = j 41, thus

UJ1JQ = Puil,h ©r UigjqWigi1,dger T 'uik,jkP = 0.
O

Lemma 5.2. Let (A,B,E : A — B) be an operator valued probability space. Let
(%i)iz1,..n be a sequence of n random variables which are identically distributed and
boolean independent with respect to E. Given two sequences of indices J = (iq)g=1, ks
J' = (Jg)g=1,- & € [n]" and T ~pi(n) J'5 then

E[l’ilbll’i2bg cee bk—lxik)] = E[l’jlbll’jzbg cee bk—lxjk]a
where by, -+ bp_1 € BU{I4}.

Proof. Suppose that J and J' are compatible with an ordered interval partition P =
{Wl, cee ,Wr}. Assume that Wl = {1, cee ,k‘l}, Wg{k‘l + 1, cee ,k’g},...,Wr = {k},_l +
1,---,k)}, then iy, # ip,41 and jx, # jg,+1 for t = 1,....,r. For convenience, we let
k. =k, kg = 0 and by = I 4, we have

E[Iil blxi262 to bk—lxik]
= Elx; biziyby - - - byq24, b

r N

- AL

E[TT @bl
t=ns_1+1

E[ IT b
t=ns_1+1

(1T II ;0]
s=1t=ns_1+1

= E[leblxj2b2 s bk—lxjk]-

Il
=

I
vl »
Il =l
— =

I
&
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We will write ~p, short for ~p, ) when there is no confusion.

Theorem 5.3. Let (A,B,E : A — B) be an operator valued probability space, A be
unital and {x;}i—1, ., be a sequence of n random variables in A which is identically
distributed and boolean independent with respect to E. Let ¢ be a linear functional on
B and ¢ is a linear functional on A where ¢(-) = ¢(E[]). Then, the joint distribution
of the sequence {x;}i=1.... . with respect to ¢ is invariant under the linear coaction of the
boolean permutation quantum semigroup Bs(n).

Proof. Fix k € N, and indices 1 < iy,--- ,ip < n, and by, -+ ,bx_1 € BU {I[4}, where
I 4 is the unit of A, by the two lemmas above we have

n

> Elrybizgby - bpawy, ] @ Pug gy w5, P

Ju.g2y s Je=1
n
= p Elxj bij,by - - - bp13,] @ Pug g, - - w5, P
) Jugzy e ge=1
(Js)s:1 ,,,,, kNPI(Zt)tzl ,,,,, k
n
= > Elwibiwiyby - - - beorwy, ] © Py, g, - - w3, P
) Jug2y s Je=1
(Js)s:1 ,,,,, kNPI(Zt)tzl ,,,,, k
k
= > Elmbixgby - bpawy, ] © Pugy g, oo, P
J1,925 . Jn=1

= E[l’ilbll’i2bg tee bk—lzik] X P.
Let by, ...,bp—1 = 14 and let ¢ ® idp,(n) act on the two sides of the above equation
then we have B
Qi Ty -+ x5, )P
¢(Ii1Ii2 te zlk)P

n —

= Z ¢(xj1xj2 e 'Ijn)Puil,h T uik,jkP>

J1,J2, 5 dk=1
which is our desired conclusion. O

6. PROPERTIES OF TAIL ALGEBRA FOR BOOLEAN INDEPENDENCE

In order to study boolean exchangeable sequences of random variables, we need to
choose a suitable kind of noncommutative probability spaces. It is pointed by Hasebe
[10] that the W*-probability with faithful normal states does not contain boolean inde-
pendent random variables with Bernoulli law. Therefore, in our work,I it is necessary
to consider W* probability spaces with more general states rather than faithful states:

Definition 6.1. Let A be a von Neumann algebra, a normal state ¢ on A is said to be
non-degenerated if x = 0 whenever ¢p(azxb) =0 for all a,b € A.

Remark 6.2. By proposition 7.1.15 in [13], if ¢ is a non-degenerated normal state on
A then the GNS representation associated to ¢ is faithful. A faithful normal state on
A is faithful on all A’s subalgebras but a non-degenerated normal state on A may not
be necessarily non-degenerated on A’s subalgebras.

Let (A, ¢) be a W*-probability space with a non-degenerated normal state ¢. Sup-
pose A is generated by an infinite sequence of random variables {x;};cn, whose joint
distribution is invariant under the linear coaction of the quantum semigroups Bs(n).
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Let Ay be the non-unital algebra over C generated by {z;}ien. In this section, we as-
sume that the unit 14 of A is contained in the weak closure of Ag,. We will denote the
GNS construction associated to ¢ by (H,&, ), then there is a linear map * : Ay — H
such that a = 7(a)¢ for all a € Ay. In the usual sense, the tail algebra A of {z;}ien
is defined by:

Asair = [ ) oN{zx|k > n},
n=1
where v N{xi|k > n} is the von Neumann algebra generated by {xx|k > n}. We will
call Ay unital tail algebra in this paper. In this section, the range algebra we use is
a "non-unital tail algebra” 7. The non-unital tail algebra T of {z;};en is given by the
follows:

T = [\ W*{zilk > n},
n=1

where W*{xi|k > n} is the WOT closure of the non-unital algebra generated by
{zx|k > n}. If the unit of A is contained in 7, then 7 is also the unital tail-algebra
of {x;}ien. For convenience, we denote A, by the non-unital algebra generated by
{zx|k > n}. Now, we turn to define our T-linear map, the method comes from [I5].
Because we are dealing with von Neumann algebras with non-degenerated normal states
which are more general than the faithful states, it is necessary to provide a complete
construction here. In [I4],the normal conditional expectation Késtler constructed via
the shift of the random variables requires the sequence only to be spreadable. But in
our situation, the existence of the normal linear map relies on the invariance under the
quantum semigroups Bg(n)’s.

Lemma 6.3. Let A be a von Neumann algebra generated by an infinite sequence of
selfadjoint random variables (z;)ien, ¢ be a non-degenerated normal state on A. If the

sequence (x;);en is exchangeable in (A, @), then there is a C*—isomorphism « : .AH |
A!” such that,

a(z;) = wit1,
for all i € N, where AL"” is the C*—algebra generated by A;.

Proof. Let (H, &, m) be the GNS construction associated to ¢, it follows that {a|a € Ay}
is dense in ‘H. For each n € N, denote by A, the non-unital algebra generated by

{z;|i < n}. Then U {m(a)éla € Ap,}is dense in H. Giveny € U Ay, there exists N €

N such that y € A[N We can assume y = p(z1,...,zy) for some p € C(Xq, ..., Xn)o,
then we have

|m(p(z1, .., 93N))§||2 = ¢(m(p(z1,...,2n)" (p(21, ..., TN)))
= o(p(ve, ..., one1)" (P(T25 oo TN41))
= ||7T(p(172,---,93N+1))§||2

We can define an isometry U from H to its subspace H; which is generated by
{ala € A1} by the following formula:

Uﬁ(zil o Ilk)g = W(Iil-i-l T xik-l-l)ga
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for all iy, ...,7; € N.

Since ¢ gives a faithful representation to A, it gives a faithful representation to Ag'”.
For all y € A;, according to the faithfulness, we have

yya,a Yy *
o = sup 2% € o, 0} = sup 25 o € o) 2 03
Denote by (H', &', n") the GNS representation of A; associated to ¢. Indeed, H' can
treated as H;. Because the identity of A is contained in the weak*-closure of the non

unital algebra generated by (x;);en, by the Kaplansky density theorem, there exists
a bounded sequence {y;|||y;]| < 1} € |J Apy such that y; converges to 14 in WOT.
n=1

Therefore, m(y;)¢ converges to & in norm. Again, by the exchangeability of (z;);en and
Un(y;)& € {blb € A} for all i, we have

U ()€l = llm(y)él <1
and

Therefore, Um(y;)¢ converges to £ in norm, namely, £ € H;.

Let x € Ay, then x = p(xg,...xx41) for some N and p € C(Xy, ..., Xn)o. For every
y € Ap there exists an M, such that y = p/(x1, ..., xy) for some p' € C(Xq, ..., Xp)o.
By the exchangeability, we send x; to xx1;. Then

Im(@)gll5, = o (21, s 2n) (2, - tn41) " P(T2, TN 1)P (21, o0, Tar))
= o(p'(xpran, --ﬁM\)*p(@, e n1) p(T2, NP (TN, T2y T30, Tp))
= |7 (@) (xpren, 22, war)) 3
and - -
1P/ (21, s zan)) e = IP' (@ns v, 2o, 2an)) [0
Therefore, we get

dmette e a2 0y ¢ (0 € 40 20,

which implies

lal| = lm(z)] = su {“H H””meA a%0}<sup{%|aem,a%0}—||7r< ).

It follows that ||z|| = ||#'(x)| for all z € A;. By taking the norm limit, we have
|z|| = [|7'(x)|| for all z € A!”, so the GNS representation of A!'” associated to ¢ is
faithful.

Now, we turn to define our C*-isomorphism a:

Since U is an isometric isomorphism from H to H’, we define a homomorphism o’ :
7m(Ap) — B(H') by the following formula

o (y) = UyUr,
for y € m(Ap). Let y € m(Apy), then y = w(p(x1, ..., x,)) for some p € C(X7, ..., Xp)o.
For all v € |J{m(a){|la € Ap) C H', there exists N € N and p; € C(X;,...Xy)o such
n=2
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that v = 7(p1(xa, ..., zn+1))E. We have

oy = Un(p(zy, ..., z0)Un(pr(xe, ..., xn11))E
= Un(p(xy,...,xn)7(p1(x1, ... TN))E
Un(p(1, .oy Tp)p1(T1, oy TN))E
(P(@2, oo Tps1)P1 (21, - TN41) )€

3

Since Ej {m(a)f|a € A}y is dense in H,y, we get o/ (m(p(21, ..., 2n)) = T(p(22, ..., Tnt1)).

n=2
Because (H,¢&,m) and (H', &', n’) are faithful GNS representations for 4y and A; re-
spectively, there is a well defined norm preserving homomorphism « : Ay — Ay, such
that a(z;) = x;41 for all i € N. Therefore, a extends to a C*-isomorphism from Ag'” to

Al .

Since W*{x|k > n}’s are WOT closed, their intersection is a WOT closed subset of
A. Following the proof of proposition 4.2 in [15], we have

Lemma 6.4. For each a € Ay, {a"(a)}nen is a bounded WOT convergent sequence.
Therefore, there exists a well defined ¢-preserving linear map E : Ay — T by the
following formula:

Ela] = w* = lim a"(a)

fora € Aqy
Proof. By lemma [6.3] there is a norm preserving endomorphism « of Ag such that
poa=¢ and a(r;) = x;.

For I C N, denote by A; the non-unital algebra generated by {x;|i € I}. Suppose

a,b,c € |J Aj, we can assume a € A;b € A; and ¢ € Ak for some finite sets
[T|<oo

I,J, K C N. Because I, J, K are finite, there exists an N such that (TUK)N(J+n) = 0,
for all n > N. We infer from the exchangeability that ¢(aa™(b)c) = ¢(aa™(b)c) for
all n > N. This establishes the limit

lim ¢(aa™(b)c)

n—oo
on the weak*-dense algebra |J A;. We conclude from this and {a"(b)},en is bounded
|I]<oo
that the pointwise limit of the sequence « defines a linear map F : Ay — A such that
E (Ao) cT.
O

To extend E to the W*—algebra A, we need to make use of the boolean invariance
conditions.

Lemma 6.5. Let (A, ¢) be a noncommutative probability space, {x;}ien C A be an
infinite sequence of random variables whose joint distribution is invariant under the
linear coactions of the quantum semigroups Bs(k)’s, then

olafialy - oap) = ¢lay ay - ayr),

whenever iy # ig # -+ F iy, and ki, ..., k, € N
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Proof. 1f iy # i, for all [ # m, then the statement holds by the exchangeability of
the sequence. Suppose the number ¢; appears m times in the sequence, which are
{i;}; = 1,...,m such that i;; =i, and I; <[y < --- <. Since the sequence is finite,
with out losing generality, we can assume that ;,...,4, < N + 1 and 4;;, = N + 1 for
some N by the exchangeability.

For each M € N, by lemma 4.2, we have the following representation m,; of the
quantum semigroup Bs(M + N):

L) — Rﬂ—N,j—N7 if mln{z’j} >N
WM(uz,]> - { 52,’].P7 if mln{%]} <N

and 7(P) = P, where p;; and p are projections in B(C?*)given by lemma 4.2. Then
we have .
PP, ;P =—P,
5J M
for 1 <i,5 < N.
According to the boolean invariance condition, we have:

O(ay wig -l )P

in

M+N
= S5 p(atat ot Pu o oug P
- i1 12 in J1,%1 Inytn
J1,J2;---Jn=1
= g: ¢(I’?1...I’?ll...x’?lz...xkn)pp, PP . P
o ) 11 Juy Jig in Jiq 5% Jlgrs Jlm s¥im
JiysJigse-Jim=1
N
— L Z ¢(l.]‘91‘_‘l.k‘;ll_‘_:L.k"‘l2_‘_xl'fn)P
M™ . 11 Jiy Jig in
JiysJigse-Jim=1
N N
_ 1 k1 kiy ki, kn k1 ki ki,
e W[ Z QS(Iil...l’jll...l'jh...xin)P_l_' . Z ¢(zi1‘.‘Ijll.‘.Ijl2.‘.
Jis# 1, if s#t Jis=71, for some s#t
In the first part of the sum, by the exchangeability, it follows that
b )
k1 Ky ki, kn\ _ k1 ki, ki, kn
¢(:I/’Zl -.-:I/’jll -.-:I/’jl2 .-.xln>_¢(xll .'.xNJ’_l.'.xNJ'_z'.'xin)’
where we sent j;. to N 4+ s. Then, we have
s )
m—1
1 N [T (M —s)
k1 Ky ki, kn _ s=0 k1 Ky ki, kn
M E ‘b(%l i, i, Ly, )P = M ‘b(%l Tng1 " ING2 Ty,

Jis# 1, if s#t

. K Ky
which converges to ¢(a* -+ 230 .22 . 2PV P as M goes to oo.
i1 N+1 N+2 in

To the second part of the sum, we have

QS(I;? .. .1»?;11 c. xfllj c. l’f:) < ||£L'f11 R xfllll .. .lej .. ZL’Z:L < ||£L'If1+m+k”||,
which is bounded, therefore,
m—1
1 al k k 1:[ (M=)
g 2 el aln S (L= Sl

Jis =71, for some s#t
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goes to 0 as M goes to co. By now, we have showed that if there are indices i, = i; for
s # t in the the sequence, we can, with out changing the value of the mixed moments,
change them to two different large numbers j,, j; such that j,, j; differ the other indices.
After a finite steps, we will have

Olag)aiy - air) = olajaly - -afr),
such that all the j;” are not equal to any of the other indices. By the exchangeability,
the proof is complete. O

Corollary 6.6. Let {z;}ien C (A, @) be an infinite sequence of random variables whose
joint distribution is invariant under the linear coactions of the quantum semigroups
Bs(k)’s, then

olagialy - oapr) = Pafiagy oy,

whenever iy # iy # -+ Fipn,, J1 £ Jo F 0 F Jny K1y ooy kny g1, --Jn € No Moreover, we
have

plaxfral? - airb) = plaxhial? - alrb),

whenever iy # iy F# - F ln, 1 F J2 F 00 F Jny Ky by G, Jn > M oand a,b € Ap
for some M € N.

Lemma 6.7. For all a,b,y € Ay, we have
(E(y)a,b) = (yE(a), B[t]).

Proof. Because an element in A4 is a finite linear combination of the noncommutative

. . . . x Tl T — 51 S
monomials, it suffices to show the property in the case: b* = @} ---x;/, y = xj} - - - 23",

a= xl,;ll- x',;”, where i1 # i # -+ £ i, J1 # oo F Jm, k1 # ... # k, and all the power
indices are positive integers. Let N = max{iy, ..., %, j1, -, jm, K1, .-, kn }, for all L > N
we have i; # j; + L and j,, + L # ky. Therefore, we have

(E(y)a,b) = lim (aM(y)a,b)
M—o0 .
= (a*(y)a, b)
= (afl - apal e ),

by corollary [6.6]

_ Tl .51 Sm tn

= o(ay' - x'apy xl-i—mx%—i-m-i-l leé+m+n)

_ Tl ,.51 n

= (b(:c xl xl+1 xl-i—mxl—i-m-i-l xl-l—m—i—n)

= o(xj L T} " Sy o)
L +L z +L J1 Jm k1+2L kn+2L

1
olat(ay - B xj?:za2L<xk1-~-xZ’;>>

— Jim_ oo ()b ()
= ot )yEla).

Notice that {a®(b)|L < N} is a bounded sequence of random variables which converges
to E[b*] in WOT and ¢(-yE[a]) is a normal linear functional on A, we have

Bl (b)yEl]) = lim G(a(b*)yEla))
= O(E[b)"yEla)
(yEla), E[b).
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Lemma 6.8. Let {y,}nen C Ao be a bounded sequence of random variables such that
w* —limy, =0, then w* —lim Efy,| = 0.

Proof. For all a,b € Ay, we have

— —

lim(Ey,]a, E[b]) = lign(ynE[a], E[b]) = 0.

n

Since {ala € Ay} is dense in H, we get our desired conclusion. O

Let y € A and {y, }nen C A be a bounded sequence such that y,, converges to y in
WOT. For all a,b € Ay, we have

— —_

lim(Ely,]a. B) = lim(y, Ela], E[}) = (yEla], E[b).

Therefore, {E[y,]}nen converges to an element ¢’ in pointwise weak topology, by the
lemma above, we see that y is independent of the choice of {y, }nen. Since {E[y,]}nen C
T, we have 3y’ € T. By now, we have defined a linear map E : A — T and we have

Lemma 6.9. E is normal.

Proof. Let {y,}nen C A be a bounded WOT convergent sequence of random variables
such that w* — lim y, = y. Then, we have
n—o0

— —_—

lim (B[], b) = lim (y,,Ela), E[B)) = (yEla], E[B)) = (Elyla.b).

n—oo n—0o0

for all a,b € Ay. Therefore, E is normal. O

Now, we can turn to show that F is a conditional expectation from A to ¢:

Lemma 6.10. Efa]| = a for alla € T.

Proof. Let a € T, b,c € A, then there exists an N € N such that a € ANHw* and
b,c € Apy). We can approximate a in WOT by a bounded sequence (ax)ren C An+1 in
WOT. According to the definition of E and the exchangeability, we have

(Ela)e,b) = 6(b" Ela]c)
— lm (b Elago
1i]1£n liyrln o(b*a"(ax)c)
= 1i]1£n o(b*ayc)
= ¢(b*ac) = (aé,b).
The equation is true for all b, c € Ay, so Ela] = a. O

To check the bimodule property of E, we need to show that the quality of holds
for all z € A:

Lemma 6.11. For all a,b,x € A, we have

¢(aLlz]b) = ¢(EalzE]D]).
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Proof. By the Kaplansky’s density theorem, there exist two bounded sequences {a, €
Aolllan|| < |lall,n € N} and {b, € Aol||bn|| < ||b]|,n € N} which converge to a and b in
WOT, respectively. Since ¢ and E are normal, we have

o(aE[z]b) = liyrlngb(anE[x]b)
li}ln linrln o(a, E[z]by,)
li1£n linl;n O(Elan]rEby))
= i G{Blanlo B0
— G(BlolzBl).

Lemma 6.12. Elax] = aFlz| for alla € T and x € A.

Proof. For all b, c € Ay, by lemma and Lemma [6.T0, we have

(Elaz]b, &) = ¢(c*Elax]b)
¢(E[c"|ax Eb])
= o((E[c’]a)zE[b]).

since E[c*la € T, E[E|c*|a] = E|c*|a, then

¢((Elc]a)zElb]) =

Since b, ¢ are arbitrary, we get our desired conclusion ([

Lemma 6.13.

E[xklxkéxktxk"] :E[xklaN(xkéxkt)xk”]

i1 1s it in 11 1s it in
whenever iy # iy # - - - # i, N > max{iy, ..., i}, k;’s are positive integers.

Proof. Given a,b € Ay, then there exists an M such that a,b € Ajpy. Then, we have

<E[xk1 ...xlf"s ...a’;kt .a’;k"]&’ B>

i1 is it in

k1 k kt kn\~ 7.
i ...a’:i:...xit ...a’:i:)a’b>

= lim (a/(z
l—o0
11 1s 1t n
k1 k ki

— <QM(:L'I,€1...l’ks...xkt...l’k”)d
— <xi1+M .« xiSS+M PR xit-i-M e xin—i-Md? b>7
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by lemma 6.6l and i1 + M # -+ #ig 1+ M #is+ M+ N #igey + M+ N # -+ #
iv+ M+ N #idgy+MF# iy + M,

k ks ke
<Ii1+M"'xz’s+M"'xit+M" in +Ma b>

k1 ks k¢ kn A
(o pnr TN Tidenen Lo ar@s b)

11 .
= lliglow(x'?l . N(xfss . 'xff) coxkm)a, b)

i1 e

k ks k knls 7
= (BElz; - 'aN(xis ey ) - air]a, b).

Because {ala € Ay} is dense in H, the proof is complete. O
Corollary 6.14.

E[xfll . .xf’: .. .x?: . .xf:] — E[l"kl .. -E[xl.i‘s . -(L‘].gt] . ~,],"I.€"]7

whenever iy # iy # -+ # iy.

Proof. Let N = max{i, ..., 4, }. Since E[z}* -+ 2f] = w* — lhm al(zfs - alt), we have
—00

l
Zamz(ﬁ; by,

Elzf - 2f] = w* — lim
s t
l—o00

~| =

Then, by lemma [6.13],

i1 oo = is [ in

The last two equations follow the normality of £ and
l
1
k Z N+1(_ ks k kn k ks k kn,
a’;ill e [7 0% + (Iis . .xitt)] .. .xin _) xill .. E[:L'ZS .. .a’;i:] .o .l'in

s=1

in WOT. O

Lemma 6.15.
E[blx’-‘“b2~-~bsx’?s-~-btxﬁt~-~bnx’?:] Elbiafiby - Elbgal - - bal] - - byatn],

(2

whenever 11 # iy # -+ # iy, ki,...k, are positive integers, by,...b, € Ayxi1 where
N = max{iy, ..., in}.

Proof. By the linearity of E, we can assume that ;s are “monomials”, i.e. b; =
N Y
Tijy " Tig,, where i, j;’s are greater than N. Then,

k ke kn k ke k
bll’ bg . bsxi: s btxit s bnl’z blx bg . $i5,1 e .Z’Z'S’TS l’i: s Iit)l s xit,rtxit e bnl’n
is1 > N+1>i,4 and 4;,, > N+ 1> i;;. Therefore, by lemma [6.14]

k ki
E[blx b2 ”xis,l”'xisrsx'j”'xitl"'xit,rtxit bnx

[blx o Bl -, 2 zfvxk]bnz]
= Elbaf'by- - Ebal - bt:)sit]- “buain].
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O

Proposition 6.16. Let (A, ¢) be a W*-probability space and (x;);en be a sequence of
of selfadjoint random variables in A whose joint distribution is invariant of under the
boolean permutations. Let E be the conditional expectation onto the non-unital tail
algebra T of the sequence. Then, E has the following factorization property: for all
n,k € N, polynomials py, ...,p, € T(X1, ..., Xp)o and iy, ....1, € {1,.... k}, we have

Elpi(zi) - pi(iy,) - - pal@s,)] = Elpi () - - Elpi(i,,)] - - pa(2s,)]-

Proof. Tt suffices to prove the statement in the case: pi,...,p, are T-monomials but
none of them is an element of 7. Assume that

Pi(X) = bio X b1 X125 - X[,
where b;; € T and t] ;s are positive integers. Let N = max{ii, ..., 1, }, then b;; €

T C Ayx+i . By the Kaplansky theorem, for every b; j, there exists a bounded se-
quence {b;; ; }ien such that b;; ; converges to b; ; in strong operator topology (SOT). Let
Pri(X) = by o X b1by ;1. X 2y, 50+ - - X[, then pyg(;,) converges to py(z;,) in SOT. By
the normality of E, we have

E[pl(x'll) v ‘pl($i7rl) o pn(x'ln)] = 'UJ* - lll{gc')E[pl,l(l’ll) v 'pl7m(Ii7rL) o .plym(x'ln)]
By lemma [6.15] we have

Elpia(zi) - prm(wi,) - prm(2i,)] = Elpia(i,) - - Elpym(i,,)] -+ pum(23,)]-

It follows that E[p; ,,(z;,,)] converges to E[py,(z;,,)] in WOT. Therefore, p;1(xi,) - - - E[pim ()] - - Prm(zi,)
converges to p1(z,) - - - Elpm(zi,,)] -+ - pm(2s,) in WOT. Now, we have

E[pl (z3,) - pu(@i,,) - - 'Pn(l‘in)]
= w'— llifﬂ Elpii(zi,) - vim(Ti,,) - Prm(3,)]

= W Jim Blpua(r) - Blpun(ei,)] - pun(,)
= Elpi(i) - Elpm(@i,)] - - pm(3,)];
the last equality follows E’s WOT continuity. O

7. MAIN THEOREM AND EXAMPLES

7.1. non-unital tail algebra case. Now, we can state and prove our main theorem
for the non-unital tail algebra case:

Theorem 7.1. Let (A, ¢) be a W*-probability space and (x;);en be an infinite sequence
of selfadjoint random variables. Suppose A is the WOT closure of the non-unital alge-
bra generated by (x;)ien and ¢ is non-degenerated. Then the following statements are
equivalent:

a) The joint distribution of (x;)ien satisfies the invariance conditions associated
with the linear coactions of the quantum semigroups Bs(n)’s.

b) The sequence (x;);en is identically distributed and boolean independent with re-
spect to a ¢p—preserving normal conditional expectation E onto the non-unital
tail algebra T of the sequence (z;)ien
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Proof. a) = b): By choosing m = 1 in proposition [6.16], we have
Elpy (i) - - pa(2i,) - - pn(s,)]

= E[E[pl (xi1>]p2(xi2) o pn(xln)]
— Elpa(o) Elpaee) -+ palai,)]

= Elpi(zi)]Elp2(2s,)] - - - Elpn(2i,)],
whenever iy # ig # +++ % in, p1, -, Pn € T(X)o
b) = a) is a special case of theorem O

7.2. Unital tail algebra case. Let (A, ¢) be a W* probability space with a non-
degenerated normal state ¢ and (z;);en be a sequence of selfadjoint random variables.
Suppose A is the WOT closure of the unital algebra generated (z;);eny and ¢ is non-
degenerated. Again, we denote by Ay the non-unital algebra generated by (xl)leN Let

I 4 be the unit of A, we have considered the case that 14 is contained in Ay~ . If I 4 is
not contained in A, , denote by I; the unit of A, . Then

[2 - ]_A - ]1 §£ 0
and R
A = CIQ @ Aow
For all x € Iow*, we have
]25(7: ([A ]1)1’:0
Let a € A" “" such that d(zay) = O for all x,y € AO . For z,y € A, there exist two
constants ¢y, € C and z,y € .AO such that x = ¢;ls + x and y = o5 + ¥y, then

¢(zay) = ¢(xab) =0,

Since our Z,y are chosen arbitrarily, we have a = 0. Therefore, (Ao 3 )gb) is a
W*— probability space with a non-degenerated normal state. Let A;,; be the unital
tail algebra of (z;);eny in (A, ¢) and T be the non-unital tail algebra of (z;);eny in

(A", ﬁqﬁ) Then, we have

Asai = () vN{axlk = n} = (Y(W*{axlk > n} + CLy) = T + Cla.
n=1 n=1

Since Iow* is a two-sided ideal of A. For & € Ay, @ = aly + x for some z € T
and a € C. By theorem 7.2, there is a ¢ preserving normal conditional expectation

*

E from A," onto T. As we proceeded in section 7, we can extend this conditional

expectation E to an conditional expectation E which is from the unitalization of A"
to the unitalization of 7. The unitalizations of the two algebras are isomorphic to A
and A, respectively. We have

Lemma 7.2. The conditional expectation E is ¢-preserving and normal.

Proof. The normality is obvious, we just check the ¢-preserving condition here. Let
T=als+xz € Aforsomeze A" anda e C, we have

O(E[T] = ¢(Elala+ z]) = ¢lals + Elz]) = a+ ¢(Elz]) = a + ¢(z).
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The last equality follows the fact that E is a ¢(I;)¢-preserving conditional expectation
in (.A(]w ,ﬁ(ﬁ) O

Together with proposition We have the following theorem for our unital case:

Theorem 7.3. Let (A, ) be a W*-probability space and (z;);en be a sequence of self-
adjoint random wvariables. Suppose the unit 14 of A is not contained in the WOT
closure of the non-unital algebra generated by (x;);en and ¢ is non-degenerated. Then
the following statements are equivalent:

a) The joint distribution of (z;):en satisfies the invariance condition associated with
the linear coactions of the quantum semigroups Bs(n)’s.

b) The sequence (x;);en is identically distributed and boolean independent with re-
spect to a ¢—preserving normal conditional expectation E onto the unital tail
algebra Ay of the (x;)ien-

7.3. Examples. To illustrate theorem 7.1 and theorem 7.3, we provide two examples
here. For the details of the examples, see [4] and [§].

Non-unital case Let H be a Hilbert space with orthonormal basis {ei}ieNU{o}, we
define a sequence of operators {z, },en as follows:

Tn€o = €p,and x,e; = 0, €9 for i € N.

Let A be the von Neumann algebra generated by {z, }.en, then eq is cyclic for A. Since
A is WOT closed and contains all finite-rank operators, A is actually B(H). Let ¢ be
the vector state ¢(-) = (-eq, €g), then we can easily check that the random variables z;’s
are identically distributed and boolean independent. The tail algebra is CF,, which
does not contain the unit of B(#H). The conditional expectation E is given by the
following formula:

Elz] = P.jxP,

07

for all z € A.

Unital case Let H; = H @ Ce_; be the direct sum of the Hilbert space H with
orthonormal basis {e; }ienugoy and CP,_,. As we constructed in the previous example,
we define a sequence of operators {x, },en as follows:

Tn€o = €p,and x,e; = 0, e for i € N,

Let A be the von Neumann algebra generated by {x,}nen, then A = B(H) & CP._,.
Therefore, the WOT-closure of the non-unital algebra generated by {z, }nen is B(H) @0
but not the entire algebra A. Let ¢ be the vector state ¢(-) = 1(-(eg + e_1), €0 + e_1),
then the random variables z;’s are identically distributed and boolean independent. The
unital tail algebra is Cly @ CP,, which contains the unit of B(H;). The conditional
expectation F is given by the following formula:

E[I] = Peoxpeo + <£L’€_1, €—1>([H1 - Pefl)7
for all a € A.
7.4. On W*-probability spaces with faithful states. If we restrict the invariance

condition for boolean independence to a W*-probability space with a faithful state,
then we will have the following:
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Theorem 7.4. Let (A, ) be a W*-probability space and (z;);en be a sequence of self-
adjoint random variables such that A is generated by (x;)ien and ¢ is faithful. Then
the following statements are equivalent:

a) The joint distribution of (z;)en Satisfies the invariance condition associated with
the linear coactions of the quantum semigroups Bs(n)’s.
b) z; =x; foralli,j € N

Proof. b) = a): If ; = x; for all 4,5 € N, given a monomial p = X, ---X,;, €
C(Xy,..., Xp), then

P ,oan(Xiy - Xip )P = (g, -1, )P

= o(2h)P

= Z ¢(xlf)7r(Puj1,i1 "ujk,ikP)
]L---hjkzl

= > b(wyx)Puy g o gk, kP
J1s--Jk=1

= Uzy,.zn @ ist(n) (Lp).

b) = a): It is sufficient to show that x; = x5. By theorem 7.1 and 7.3, there exists a
¢—preserving conditional expectation F maps A to its unital or non-unital tail algebra
such that (z;);en is identically boolean independent with respect to E. For k € N and
k > 2, we have

(21 — @2) g (71 — T2) 1))
(21 — $2)$%(5€1 — 1))

o
o
= ¢(E[(x1 — z2)2i (11 — 12)])
o(E
0

(71 — 2] Elx}] Bz, — x2])

Since ¢ is faithful, we get

(1 — @)y, =0
for all £ > 2. Let A, be the WOT closure of the non-unital algebra generated by
{zx|k > n}, then we have

(r1 —x9)x =0

for all z € Ay . Notice that (z;);en is exchangeable, by the construction of proposition
4.2 in [I5] , there exists a normal ¢-preserving homomorphism « : A, — A, such
that a(z;) = x;41. Denote by I, the unit of A, then «(1,) = I,11 and I, 1,11 = I, 41,
since I, is a projection in A,,. Then, we have

O((In = In11)?) = ¢(In — Iny1) = ¢(I) — ¢(a(l,)) =0,
which implies that I,, = I,,,1. It follows that
Iy =1, = I,.

Therefore,

0= (Il - l’g)[g = (ZL’l - LUQ)](] =T — T2.
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8. TWO MORE KINDS OF DISTRIBUTIONAL SYMMETRIES

Since C(Xjy,..., X,,) is an algebra which is freely generated by n indeterminants
X1, ..., X;,. It would be natural to define coactions of the quantum semigroups By(n) on
C(X4, ..., X,,) as an algebraic homomorphism but not only a linear map. In this section,
we will study the probabilistic symmetries associated with some algebraic coactions of
the quantum semigroups Bs(n)’s and Bs(n)’s on C(Xj, ..., X,,). We we will define the
invariance condition for the joint distribution of a sequence of noncommutative random
variables in a similar form as we did in previous sections.

Now, let us consider C(Xj, ..., X,,) as an algebra and define a coaction of the quantum
semigroups Bs(n) to be a homomorphism

L' C(X1, o X)) = C(X, ooy X)) @ By(n)

by the following formulas:

L/n(]') =1®1, L;(Xi) = ZXk ® Puy,;P.
k=1
Then, we would have

Lo(Xiy - X)) = Y Xj -+ X, @Pu;, P+ Puy,;, P
k=1
and
(L;L ® Z'st(n))L;L = (id(cn (29 A)L;
We will call 1, the algebraic coaction of Bs(n) on C{Xj, ..., X,,). The invariance condi-
tion is so strong that we can get our conclusion in some finitely generated probability
spaces.

Proposition 8.1. Let (A, ¢) be a W*-probability space with a non-degenerated state ¢,
Fized n € N, let (;)i=1...n be a sequence of selfadjoint noncommutative random vari-

ables in A. We say the joint distribution of (z;)i=1,._n is invariant under the algebraic
coaction L, of Bs(n) if

Mm,...,mn(p)P = Hzy,....zn ® Zst(n)(L;L(p))u

for all p € C(Xq, ..., X,,), where fiy, . 4, is the joint distribution of (x;)i=1, .. If is the
WOT closure of the unital algebra generated by (x;)i=1,. n, then the joint distribution
of (x;)i=1, n is invariant under the algebraic coaction L, of Bs(n) is equivalent to xq =
Tg =+ =1XT,.

Proof. Suppose 1 = 29 = -+ =x,. Let p=X;, --- X, € C(X, ..., X,,), then we have
Harien @ il oy (B (X - X, )

= Hay,..zn &® ist(")(_ E L le o 'ij ® Pujl,i1PUj27i2P te 'PujmeP)
I IJm=—
= X 1 o(zj, - @y, Puj i Pug P - Py, 5, P
Il Jm=
= > o(@"Puj;,Puy,,P---Puy, 4 P
J1ydm=1
(2P
,le,...,xn(Xh e le)P
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Since p is arbitrary, we proved <.

Suppose the joint distribution of (x;);—1 .., is invariant under the algebraic coaction L.
Let {v1, ..., v2, } be orthonormal basis of the standard 2n—dimensional Hilbert space C*"
and denote vy = v, for all k € Z. Let

Pi,j:Pv

2(i—j)+1TV2(j—i)+2
and
P = P'U1+'U2+"'+U2n’

where P, is the orthogonal projection onto the one dimensional subspace generated by
the vector v . By lemma B3] we have a representation 7 of Bs(n) on C** defined by
the following formulas:

W(P) =P, 7T(Puihjl o 'uikvjkP) = PPile o 'Pik,jkp
for all iy, j1, ..., ik, Jx € {1,...,n} and k € N. In particular, we have
1
n

Let 7 act on the invariance condition, we get
¢($i1 e zk)P = W(MIL---JEn(Xi o Xlk)P)
= (X Haia, ® ist(n)(le - Xj, @ Pug, 5, P Puy, 5, P))

jlrz...,ijI
- Z ¢(xj1 e xjk)ﬂ-(PuthP e Pujk,sz))
jh---#k:l
= > oy, xy) P
J1yeesdk=1

for all iq,14, € {1,..n}. It implies that

n

1
¢($i1 e xk) = E Z ¢(Ij1 e z]k)
J1yedk=1
Therefore, two mixed moments are the same if their degree are the same. Given two

monomials a = xg, - - Ty, and b=z, - T , then

o(a(zi—z;)(2;—2;)*b) = d(a(r;—;)%b) = d(az;x;b)—(ar;z;b)—d(ax,x;b)+d(ax;x;b) = 0,

the last equation is true because all the monomials have the same degree. By some
linear combinations, we have

k

¢(alx; — ;) (x; — 2;)"b) =0,
for all a,b € Ap,), where Ay, is the unital algebra generated by z, ...z, thus
T = xj,
for all i # j. OJ

In the end of this section, we study a coaction of the quantum semigroups Bg(n)
on the joint distribution of a sequence of noncommutative random variables. We can
define a coaction

Ly C(X1, ., X)) — C(Xy, ... X)) @ By(n)
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of Bs(n) on the algebra of noncommutative polynomials C(X7, ..., X,,) by the following
formulas:

L,(1)=1®1I, L,(X;) = ZXk @ Uk i,
k=1

where 1 is the identity of C(X1, ..., X,,) and I is the identity of Bs(n). According to the
definition of L,,, we have
Ln(Xll o XZk) = Z le o 'Xjk @ Ujy iy Uiy i
JiseJe=1
One can easily check
(Ln X ist(n))Ln = (Zd(cn & A)Ln,
where idp, () and idc, are identity map of By(n) and C(Xy, ..., X,,).
Then, we have

Proposition 8.2. Let (A, ¢) be a probability space and (x;)ien. The joint distribution
is invariant under the coactions L, s of the quantum semigroups Bs(n) if for all n,
p € C(Xq,....,X,). Let py, . o, be the joint distribution of 1, ...,x,, I be the unit of
Bg(n) and L, is the coaction on C(X1, ..., X,,), we have

Hay,..., :vn(p)] = May,..zn @ id(Ln(p»-

If the joint distribution of (x;)ien 1S invariant under the coactions L, ’s of the quantum
semigroups Bs(n)’s, then ¢(x;,x;, - --x;,) =0 for all iy, ...,i, € N and k € N.

Proof. Let k be a positive integer, iy,...,7x € N and N = max{iy,...,ix}. Take a
trivial representation m of Bs(N) on a 1—dimensional space V' defined by the following
formulas:

n(l) =1, and 7(u;;) =7(P) =0,
where 1 is the identity of V. By the universality of Bs(n), 7 is well defined. According
to the invariance condition, we have

T(Har,on (D)) = Hay,on @ T(Ln(p)),
for all p € C(Xy,...,X,,). Let p =X, --- X;,, we get

¢(Ii1xi2 o xlk)l = Z (b(le o 'Ijk>7r(uj17i1 e ujmin) =0,

Jioedi=1

which completes the proof. O
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