arXiv:1307.3168v3 [math-ph] 21 Feb 2014

UNCONDITIONAL UNIQUENESS FOR THE CUBIC
GROSS-PITAEVSKII HIERARCHY VIA QUANTUM DE FINETTI

THOMAS CHEN, CHRISTIAN HAINZL, NATASA PAVLOVIC, AND ROBERT SEIRINGER

ABSTRACT. We present a new, simpler proof of the unconditional uniqueness
of solutions to the cubic Gross-Pitaevskii hierarchy in R3. One of the main
tools in our analysis is the quantum de Finetti theorem. Our uniqueness result
is equivalent to the one established in the celebrated works of Erdos, Schlein

and Yau, [18] [19] 20} 21].

1. INTRODUCTION

In this paper, we give a new proof of unconditional uniqueness of solutions to the
cubic Gross-Pitaevskii (GP) hierarchy in R®. The cubic GP hierarchy is a system
of infinitely many coupled linear PDE’s describing a Bose gas of infinitely many
particles, interacting via repulsive two-body delta interactions in the defocusing
case, and via attractive two-body delta interactions in the focusing case. In the
defocusing case, it emerges from the N — oo limit of the BBGKY hierarchy of
marginal density matrices for a bosonic N-particle Schrodinger system where the
pair interaction potentials tend to a delta distribution as N — oo. Factorized
solutions to GP hierarchies are determined by solutions of the corresponding cubic
nonlinear Schrédinger (NLS) equation. In this sense, the NLS is interpreted as
the mean field description of an infinite system of interacting bosons in the Gross-
Pitaevskii limit.

The derivation of the nonlinear Hartree (NLH) equation from an interacting
Bose gas was first given by Hepp in [29]. The BBGKY hierarchy was prominently
used in the works of Lanford for the study of classical mechanical systems in the
infinite particle limit [32, 33]. Subsequently, the first derivation of the NLH via
the BBGKY hierarchy was given by Spohn in [42]. More recently, this topic was
revisited by Frohlich, Tsai and Yau in [26], and in the last few years, Erdés, Schlein
and Yau have further developed the BBGKY hierarchy approach to the derivation
of the NLH and NLS in their landmark works [I8], 19, 20} 2], which initiated much
of the current widespread interest in this research topic. The proof strategy can be
briefly summarized as follows. We consider N bosons in R? described by the wave
function @ € L2, (R*N), where @y (21,...,2x) is symmetric under permutation
of particle variables, and satisfies the Schrodinger equation

0,0y = Hy®y (1.1)
1
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with N-body Hamiltonian

N
1
Hy = Z(fojH ¥ Z V(2 — ;) . (1.2)

j=1 1<i<j<N
The pair interaction potential has the form Vy(z) = N*?V(NPzx) with 8 € (0, 1].
V is a sufficiently regular, rotationally symmetric pair interaction potential (we
will not specify V in detail since the derivation of the NLS is not the topic of this
paper). We assume that [V(z)dz = 1 if B < 1, and that the scattering length
corresponding to V has value 1 if 3 = 1. Clearly, Vy — ([ Vdz)d as N — oc.

For k=1,..., N —1, the k-particle marginal density matrices are obtained from

7](\1;:) = Tre41 k42, N PN (PN, (1.3)

where Trji1 k42, ~ denotes the partial trace with respect to the particle vari-
ables indexed by k + 1,k + 2,..., N. It follows immediately that the property of
admissibility holds,

A = T (), k=1, ,N—1, (1.4)
for 1 <k < N —1, and that Tr('y](\];)) =|®n|j2, =1 for all k < N.
The k-particle marginals satisfy the N-particle BBGKY hierarchy

(ij - Aa:; )’YJ(\];) (t; L, l;c)
1

k

. k

0N (txy;2)) = —
j:

b S W 2) — Valad — (62 ) (15)

1<i<j<k

k
N -k
2 [ e Vst = ) = VoGl )

(k+1) o
pYN (tvgkaxk—i-lvgk;zk—b—l) .

In the limit as N — oo, solutions 'y](\]f) to the BBGKY hierarchy tend to solutions

~¥) of the cubic, defocusing GP hierarchy, which we introduce below. In [18, 19l
20, [21], this is obtained from a weak-* limit in the trace class, for 8 € (0,1]. The
case 5 = 1 covered in [I8| [19] 20} 21] is a major achievement that is much harder
than 8 < 1. Strong convergence in a class of Hilbert-Schmidt type is obtained in
[11] for g < %, and subsequently in [12, [13] for 8 < %

The cubic GP hierarchy on R? for an infinite sequence of bosonic marginal density
matrices (Y*))en is given by the infinite system of coupled linear PDE’s

k
zat"/(k) = Z[_ij’,y(k?)] + )‘Bk+1’7(k+1) ) ke Na (16)

j=1

for suitable initial data (y*)(0))ren, where v (t; z,; 2} is fully symmetric under
permutations separately of the components of z;, := (x1, ..., z), and of the compo-
nents of z}, := (24,...,2},). The GP hierarchy is defocusing if A = 1, and focusing if
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A = —1 (we are assuming the normalization condition |A| = 1 for simplicity). The
interaction term for the k-particle marginal is defined by
Bk+1’>’(k+1) = Bljﬂ’Y(kH) - Bk_+17(k+1) ) (1.7)
where
k
B’;“+1~y(k+1) — ZB;:kH,y(kH) (1.8)
j=1
and
k
Bl;+1’7(k+1) = ZB;k+17(k+l)v (1.9)
j=1
with

(B;k+17(k+1)> (T T A |

= /dxk+1dx§€+1
d(xj — xpy1)0(xj — x;H)v(kH)(t, L1y T 13 T e Ty )
= 'y(k+1)(t,x1, ey Ty e Ty T T Ty T, (1.10)

and

(B;]H_l'y(k"’l)) (t, w1y T3 T,y X))

!
:/dkarldkarl
/ ’ / k+1 ol /
5(azjka+1)6(:cjka+1)fy( )(t,xl,...,ka,zl,...,ka)
k+1 A / / /
= Akt )(t,xl,...,mk,x.,xl,...,xj,...,xk,xj). (1.11)

We say that B k1 contracts the triple of variables x;, x 11,7}, and that BJ kel
contracts the trlple of variables x], Thtl, mk_H

For o > 0, we define the spaces
Hne = { (v en ‘ Tr(|S® ]|y < M?* for some constant M < oo} (1.12)

where

SE [y (zy; ) D= A) Py P @y ). (113)

J

u::‘];r

A mild solution in the space L;’é[o T)ﬁl, to the GP hierarchy with initial data
(Y*)(0))ren € H', is a solution of the integral equation

t
FE (1) = U (1) ®) (0) + i / U (£ — 8)Boy iy ™V (s)ds , keN, (114)
0

satisfying

sup Tr(|5(k’1)[’y(k) 1) < M (1.15)
tel0,T)
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for a finite constant M independent of k. Here,
k
U (¢ H (A, (1.16)

denotes the free k-particle propagator. We note that

/) it(Ag,—ALr) X
VB =B e 0 g (k41 (1.17)

it(As,—A,)

it(Du,—
e

That is, any free propagator e commutes with Bji;,C 41 if the variables zy,

xj are not affected by BJ el

We remark that given factorized initial data,

k
’Y(g (2 2%) H ) (1.18)

the condition that (y(¥)(0)) € $' is equivalent to
Te(|SED B O)) = lleolFh < M** . keN, (1.19)

that is, H¢0||H1 < M for some M < oo. Then, a solution to the GP hierarchy in
L;’é 0.7) $H! having these initial data is given by the sequence of factorized density
matrlces

k

YW (g ar) = [ oila;) i), (1.20)

J=1

if the corresponding 1-particle wave function satisfies the cubic NLS

10ty = — Ay + )\|¢t|2¢t , @0 € H'. (1.21)

In this sense, the NLS is interpreted as the mean field description of an infinite
system of interacting bosons. The Cauchy problem is globally well-posed in
the defocusing case A = 1, and locally well-posed in the focusing case A = —1, [46].
Solutions to conserve the L*-mass [¢¢||r2 = [|¢ol/z2 and the energy,

1 A
El¢y] = §\|Vx¢t||ig + ZII@II‘E@ = El¢o]. (1.22)

In particular, (y*®)en € Lo T)f_)l is equivalent to ”¢t”L2’Z[o HY < M’ for some
finite constant M.

The uniqueness of solutions to the GP hierarchy in L2 = T).sﬁ was established by
Erdds, Schlein, and Yau in [I8, 19, 20, 21]. This is a cruc1a1 and very involved part
of their program to derive the cubic defocusing NLS as the mean field description of
a bosonic N-body Schrédinger evolution, as N — oco. Their uniqueness proof uses
a sophisticated and extensive construction involving Feynman graph expansions,
and high dimensional singular integral estimates. A key ingredient in their proof is
a powerful combinatorial method that resolves the problem of the factorial growth
of number of terms in iterated Duhamel expansions; we outline it in Section
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Subsequently, Klainerman and Machedon [31] gave a much shorter proof of the
uniqueness of solutions to the GP hierarchy satisfying

k
T IVe Ve ]9 g < ¢* Rk EN, (1.23)

j=1

for the Hilbert-Schmidt norms
1/2
WPl = (Te(7©)
1/2
= / /) (s ) Pdaydat, ) (1.24)
R3k xR3k

but conditional on the a priori assumption that

k
T 192190 1] BE A S [l |
j=1

holds for some finite constants ¢, C' independent of k. We will refer to as the
Klainerman-Machedon condition. Their approach uses techniques from the analysis
of dispersive nonlinear PDEs, together with the combinatorial method of Erdos,
Schlein and Yau [I8, 19} 20} 21], which Klainerman and Machedon presented as the
“boardgame argument”. Starting with the work [30] for the cubic GP hierarchy on
R? and T2, the approach of Klainerman and Machedon was used by various authors
for the derivation of the NLS from interacting Bose gases [8) 111 [12] [13], [30} [45] [47].
The method of Klainerman and Machedon also inspired the analysis of the Cauchy
problem for the GP hierarchy which was initiated in [J] and continued e.g. in
15, @5].

k 1.2
o <C (1.25)

te[o,T)

The derivation of nonlinear dispersive PDEs, such as the nonlinear Schrédinger
(NLS) or nonlinear Hartree (NLH) equations, from many body quantum dynamics
is a very active research topic, and has been approached by many authors in a
variety of ways; see [I8] [19] 20] 211, 22} [30, [41] and the references therein, and also
[T, B, (4L [ 23] 24, 25| 28] 27, 291 9] [40].

This problem is closely related to the phenomenon of Bose-Einstein condensation
(BEC) in systems of interacting bosons, which was first experimentally verified in
1995, [0, 14]. For the mathematical study of BEC, we refer to [2, B3] [36] 37, Bg]
and the references therein.

2. STATEMENT OF MAIN RESULTS

The only currently available proof of unconditional uniqueness of solutions in
Li’é[o,mﬁl to the cubic GP hierarchy in R3 is given in the celebrated works of
Erdds, Schlein, and Yau, [18| [19, 20} 21], using an involved construction based on
Feynman graph expansions and high-dimensional singular integral estimates. The
purpose of the paper at hand is to present a new, simpler proof. We note that this
paper contains several extensive example calculations and detailed explanations of
background material for the benefit of the reader, but the actual core of our proof,
given in in Sections [7]and [§] is short. We expect that our methods can be extended
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to solutions in L?Z[o T).VJS for some values s < 1, and to GP hierarchies in R" with
n other than 3.

2.1. Prerequisites. A key tool in our proof is the quantum de Finetti theorem,
which is a quantum analogue of the Hewitt-Savage theorem in probability theory,
[16]. The strong version is due to Hudson-Moody, and Stormer, [I7},44], and applies
to sequences of density matrices that are admissible, i.e.,

A®) = Try (v* D) Yk eN, (2.1)

similarly to (1.4). We quote it in the formulation presented by Lewin, Nam and
Rougerie in [34] ([I7, [44] state it in the C*-algebraic context).

Theorem 2.1. (Strong Quantum de Finetti theorem, [17, 144l [34]) Let H be any
separable Hilbert space and let HF = ®§ym H denote the corresponding bosonic k-
particle space. Let T' denote a collection of admissible bosonic density matrices on
H, i.e.,
I=(W®,.)

with Y*) a non-negative trace class operator on H*, and y*) = Trj 17D where
Tri41 denotes the partial trace over the (k+1)-th factor. Then, there exists a unique
Borel probability measure p, supported on the unit sphere S C H, and invariant
under multiplication of ¢ € H by complex numbers of modulus one, such that

%“:/Emwuwww% . VEEN. (2.2)

k+1

The limiting hierarchies of marginal density matrices obtained, for each value of
the time variable ¢, via weak-* limits from the BBGKY hierarchy of bosonic N-body
Schrodinger systems as in [18, [19, 20, 21] do not necessarily satisfy admissibility.
A weak version of the quantum de Finetti theorem then still applies; in the form
quoted in Theorem [2.2] below, it was recently proven by Lewin, Nam and Rougerie
[34]. Previously, Ammari and Nier proved an equivalent result in [3} [] in the
context of N-body boson systems as N — oo, with less singular interactions than
those considered for the GP hierarchy.

Theorem 2.2. (Weak Quantum de Finetti theorem, [34,3,4]) Let H be any separa-

ble Hilbert space and let HF = ®§ym ‘H denote the corresponding bosonic k-particle

space. Assume that ’y](VN) is an arbitrary sequence of mized states on HY, N € N,
satisfying 'y§VN) >0 and Try~ (’yJ(VN)) =1, and assume that its k-particle marginals

have weak-* limits

k *
W = Trggr . n(N) = 4™ (N = 00), (2.3)

in the trace class on H* for all k > 1 (here, ’I‘rkH’...,N(%(VN)) denotes the partial

trace in the (k + 1)-st up to N-th component). Then, there exists a unique Borel
probability measure p on the unit ball B C H, and invariant under multiplication
of ¢ € H by complex numbers of modulus one, such that (2.2) holds for all k > 0.

In our case, we consider the Hilbert space H = L?(R3). For a detailed discussion
of the strong and weak quantum de Finetti theorem, we refer to [34], where the
notions of strong and weak quantum de Finetti were introduced.
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2.2. Main results. Our main result is a new proof of the unconditional unique-
ness of solutions to the GP hierarchy in Li’é[o T)ﬁl, We note that the property

(Y ken € L2 " implies that v (¢) = [ dpus(6)(|¢)(4])**, where the mea-
sure 4i; has bounded support in H'(R?); this is explained in Lemma [4.5 below.
Theorem 2.3. Let (v*)(t))xen be a mild solution in Lfé[O’T)f)l to the (de)focusing
cubic GP hierarchy in R® with initial data (v (0))ken € H', which is either ad-
missible, or obtained at each t from a weak-* limit as described in Theorem ,

Then, (’y(’“))keN 1s the unique solution for the given initial data.

Moreover, assume that the initial data (v*)(0))ren € H' satisfy

W“Mn:/ﬁmmo@ww% . VkeN, (2.4)

(as guaranteed by Theorems and where 1 is a Borel probability measure
supported either on the unit sphere or on the unit ball in L*(R®), and invariant
under multiplication of ¢ € H by complex numbers of modulus one. Then,

vww=/m@wmmw@Wk,WeN (2.5)

where Sy : ¢ — ¢y is the flow map of the cubic (de)focusing NLS, for t € [0,T).
That is, ¢r satisfies (1.21) with initial data ¢.

Our proof of uniqueness uses the Erdos-Schlein-Yau combinatorial method [I8]
19,20, 21]], in boardgame form as presented by Klainerman-Machedon in [31]. How-
ever, we do not use the Klainerman-Machedon condition , but instead apply
the quantum de Finetti theorems. The uniqueness established in Theorem is
unconditional, and equivalent to the one proven in the celebrated works of Erdos,
Schlein and Yau, [I8] [19] 20} 21].

2.2.1. Uniqueness of strong solutions. Our next result addresses the uniqueness
of strong solutions, and shows the strength of de Finetti for the GP hierarchy.
We consider strong solutions to the GP hierarchy I' € C'([0,7T),$') with 9, €
C([0,T7),9~ 1) in R? where d = 1,2,3 (see [7] for a discussion on the level of the
NLS). The quantum de Finetti theorem can be used for a short direct proof of

uniqueness in this case, along the lines of Spohn’s argument for the Vlasov hierarchy
[43).

Theorem 2.4. Let d € {1,2,3}, and T = (v*)). Let AT := (Z?Zl[ij,*y(k)})keN

and BT := (Bpyy* D). Let T(t) = (y®)(t)) be a strong solution of the GP
hierarchy in C*([0,T),$H') on RY, which is either admissible, or obtained at each t
from a weak-* limit as described in Theorem[2.3. Then,

O (t) = LT(t) € C(0,T),% ) , L=—-A+AB , Ae{l,-1}, (26)

and T'(t) is the unique solution for the given initial data.
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3. PROOF OF THEOREM [2.4]

Let Ty := ((|¢)(#])®*)ren for brevity. We know that [ dv(¢)L's, (g solves (2.6),
with Ty = [ dv(¢)Ty, if S¢() is the flow map of the cubic (de)focusing NLS

10101 = — Ay + A6t |* 0 (3.1)
with initial data ¢g € H'(R?).
Since by assumption, I'(¢) is either admissible, or obtained at each ¢ from a

weak-* limit as described in Theorem the de Finetti theorem implies that for
every t > 0 there exists a Borel probability measure j; on L?(R?) such that

0t = [ du@rs. (3:2)
Furthermore, we note that for any s > 0 and an arbitrary small n > 0,
Tr( | SE+HL=2=[(Br)®]|) < CTr(| SE+LITEED] ). (3.3)

This inequality was proven in [10] (it corresponds to a generalized Sobolev inequality
for density matrices). Moreover, it is evident that for any s > 0,

Tr(| s®2[AT)P][) < Te(| S&ICP]]) | keN. (3.4)
Since g +n<2ford<3in , we find that by setting s =1 in and ,
Tr(|SEDULD)®]|) < OTe( | SEVIW]|) < C* | keN, (3.5)

or in other words, ITeC ([0,7),9~1). Here, the second inequality follows from I" €
CL([0,T),91), see (1.19). Since I'(¢) is a strong solution of (2.6) in C*([0,T),H%),

we obtain that

0,0 ® (1) = lim % (F(k)(t +h)— F(k)(t)> = (LD)®)(p), (3.6)

hence 9, € C([0,T),$H~'). Then, indeed,

d 1 =

£/dﬂt(¢)r¢ = ,{;HIOE</dut+h(¢)F¢ - /dﬂt(¢)r¢) = _Z/Lr¢dﬂt(¢) (3.7)
holds in C([0,T),$~!). In this sense, y; is differentiable, with derivative given by
the operator L.

In analogy to Spohn’s argument in [43], we can show that the measure p; induces
a flow on the unit ball which satisfies the GP-equation (3.1]). To this end, we define

£(0)i= [ du@Fs_ o (38)
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Differentiating this with respect to t, gives

d ~ 1
%F(t) = ;llli% E( /dut+h(¢)rs,kh(¢) - /dut(d’)rs,t(aﬁ))
1
= }g})ﬁ( dprirn(P)Ls_, () — Fs,t(qb)) (3.9)
+lim T / bz (6) (Fs,t,hw) Tsw)  (310)
=i [ OITs o+ [ dul@)ITs 0 =0, (3.11)

where we applied (3.7)) to (3.9) to get the first term in (3.11)), and where we applied

(13.6) to (3.10]) to get the second term in (3.11)).

Since the map ¢ — Si(¢) is a bijection on the intersection of the unit ball of
L?(R%) with H'(R?), we obtain by a simple variable transformation

[dno)rs o= [ dun(s0)Ls. (3.12)

Because of (3.11)), we find that

— [du(sio)rs (3.13)

does not depend on ¢, and by the uniqueness parts of Theorems [2.1] and [2.2] we
infer that

dpu (St(¢)) = dpo(®).

Hence, by variable transformation,

[(t) = /dut(¢)r¢ = /dut(st(¢))Fst(¢) = /duo((b)rst(qs)-

By the uniqueness parts of Theorems 2.1 and 2.2} dv = duo. O

4. PROOF OF THEOREM [2.3]

The remainder of this paper is dedicated to the proof of Theorem As a
preparation, we present three auxiliary combinatorial tools used for the organization
of Duhamel expansion terms, in Sections and [6] For the convenience of the
reader, we will give a detailed survey of background material in these parts, and
present several detailed example calculations. The core of our proof is contained in
Sections [7] and [§] and is short.

4.1. The Erdos-Schlein-Yau combinatorial method in boardgame form.
To prove uniqueness, we will show that the trace norm of ~®*) (instead of the
Hilbert-Schmidt norm of S*1[y(¥)] as in [31]) is zero if the initial data is zero (see
Section for details). We will use the powerful combinatorial method of Erdds,
Schlein and Yau [I8| 19, 20, [21], which was presented in an elegant and accessible
form by Klainerman and Machedon in [31] as a "boardgame argument”.
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To begin with, we consider the r-fold iterate of the Duhamel formula (1.14]) for

~¥) | with initial data fy(()k) =0, for some arbitrary r € N,

Y (1) = (A" / dtr - dt,UE (1) B URD (11 — t) - -
{4t
U — 1) By ()

- / dtreeedty J5 (L) b=t ). (4.1)
24>t
We will prove the following main lemma.

Lemma 4.1. Assume that (v\¥)(t)) is a mild solution to the cubic GP hierarchy
(T-6) with initial data v*)(0) = 0 for all k, which is either admissible or obtained
at each t from a weak-* limit as in Theorem[2.3, Moreover, assume that

sup Tr(|SEVHE@)])) < M* | keN, (4.2)
t€(0,T)

holds for some finite constant M independent of k and t.

Then, fort € [0,T), the estimate
Te([Y®@)]) < 2?72 2CM*T) D72 (4.3)

holds. In particular, the right hand side converges to zero in the limit as 1 — o0
for T < (20M*)~! (independent of k), for every k € N.

This main lemma implies that
Te(|v®@)]) =0, te0,1), (4.4)

and thus that 4(®)(t) = 0 for t € [0,T). Hence, uniqueness holds. that the trace
norm of the right hand side converges to zero as r — oo, for t € [0,T) and T > 0
sufficiently small (where the smallness condition on T is uniform in k).

A key difficulty in this approach stems from the fact that the interaction operator
By is the sum of O(¢) terms, therefore (4.1)) contains O( (k(;gi;)l!)!) = O(r!) terms.
The boardgame argument allows one to control this rapid increase of the number
of terms as r — oo, using the fact that the ordered time integrals t; > to > --- > ¢,

extends over a simplex of volume O(%) We give a short summary of the method.

Recalling that Byy1 = Z§=1 Bj.¢+1, we write

T = Y Tt (4.5)
pEM
where
TE(pit,) = (NUP (= 1) Bygry o1 UMV (01 — 1) - (4.6)

L URTED (4 — te) Bp(kto) ot - Ukt =D(t,_y — tT)Bp(k+r),k+r’y(k+T) (t),
and p is a map
pi{k+1Lr+2, . k+r}—={1,2,.. k+r—1},
p(2)=1, p(j)<j Vj. (4.7)
Here My, » denotes the set of all such mappings p.
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We observe that each map p can be represented by highlighting one nonzero
entry Bj(k4e),k+¢ in each column of an (k + 7 — 1) x r matrix [4; ;] with entries
Ajg=DB;pqefori<k+¢ and A; 4y =0 for i > k+ (. As an example, consider

Bl,k+1 Bl,k+2 B17k+r
B2’k+2

B(c+0) k+e
Bii+1  Bri+te

0 Biiihsz - . (4.8)
0
O O 0 Bk)-‘y—T—l,k-‘rT 1

Then,

IO / T (p,t,) dti..dt, (4.9)
pEMy . It 2t

where the time domains are given by the same simplex {t > t; > --- > ¢,.} C [0,¢t]"
for all integrals in the sum over p.

We next consider the integrals with permuted time integration orders

I(p,m) = / JE(pst,) dty...dt,, (4.10)
t>t,(1)>... >t

()
where 7 is a permutation of {1,2,...,r}. This corresponds to replacing the simplex

{t >t > - >t} C[0,t]" by an isometric image in [0,¢]". One can associate to
I(p, ) the matrix

tr-1(1) lr-1(2) tr-1(r)
Bikx+1  Bigy2 - Bixtr
B2 k12

Bik+1  Bri+te

0 Bry1,k42
0
O O Bk+r71,k+r ]

whose columns are labeled 1 through r and whose rows are labeled 0, 1, ..., k4+7r—1,
and where the highlighted entries correspond to B, (jy¢) k-

Using the combinatorial method in [I8, 19, 20, 21I] in the form presented in
[BI], a board game is introduced on the set of such matrices. A acceptable move is
characterized as follows: If p(k + ¢) < p(k + ¢ — 1), the player is allowed to do the
following three changes at the same time:

e exchange the highlights in columns ¢ and ¢ + 1,
e exchange the highlights in rows k + ¢ — 1 and k + ¢,
e exchange -1y and tr-1(p41)-
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We note that the rows k 4+ ¢ and k + ¢+ 1 do not necessarily contain highlights.
A main property of the integrals I(p, ) is invariance under acceptable moves, [I8],
19, 20} 211, B1]:

Lemma 4.2. If (p,7) is transformed into (p',7’) by an acceptable move, then
I(p,7)=1(p', 7).

We say that a matrix of the type (4.8)) is in upper echelon form if each highlighted
entry in a row is to the left of each highlighted entry in a lower row. For example,
the following matrix is in upper echelon form (with k=1 and r = 4):

Bi2 Bis Bia DBigs
0 B2z DBxs Dss
0 0 Bss4 Bss
0 0 0 Bis

Then, the following normal form property holds, [18| [19] 20, 21], 31]:

Lemma 4.3. For each matriz in My, ., there is a finite number of acceptable moves
that transforms the matriz into upper echelon form. Moreover, let Cy , denote the
number of upper echelon matrices of size (k +1r — 1) x r. Then,

Cpr <287, (4.11)

Let Ny, denote the subset of matrices in My, which are in upper echelon form.
Let o account for a matrix in Ny ,. We write p ~ o if the matrix corresponding
to p can be transformed into that corresponding to ¢ in finitely many acceptable
moves. We note that o satisfies the same properties as p, but in addition,

oj) < o) , Vi< (4.12)
Then, the following key theorem holds, [I8] [19] 20} 2T, BT]:

Theorem 4.4. Suppose o € Ny .. Then, there exists a subset of [0,t]", denoted by
D(o,t), such that

/ J*(p:t,) dtl...dtT:/ J¥(o5t,) dty...dt, . (4.13)
oI t>t > >t D(o,t)

o~

We remark that D(o,t) is the union of all simplices {t > t(1) > --- >t} C
[0,t]" obtained under acceptable moves for the fixed upper echelon form o; notably,
the interiors of these simplices are all pairwise disjoint. We emphasize that the main
point of Theorem is the reduction of a sum of O(r!) terms to a sum of O(C")
terms. This concludes our summary of the Erdés-Schlein-Yau combinatorial method
[18, 19,20, 21], formulated in boardgame form following Klainerman-Machedon [31].

4.2. Setup of the proof. We now give a precise formulation of the framework
in which we will prove Theorem Let us assume that we have two positive

semidefinite solutions (yj(k) (t)ken € Lig) T)ﬁl satisfying the same initial data,

(1" (0)ken = (457 (0))ers € 9. Then,
(1) =10 -7 L ke, (4.14)
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is a solution to the GP hierarchy with initial data v(*)(0) = 0 Vk € N, and it suffices
to prove that y(¥)(t) = 0 Vk € N, and for all ¢ € [0,T). This is due to the linearity
of the GP hierarchy.

We note that v(¥), as a difference of positive semidefinite marginal density ma-
trices, is not in general positive semidefinite.

From the assumptions of Theorem [2.3] we have that

sup Te(|SEVM(@)])) < M* | keN ,i=1.2, (4.15)
te[0,T)

for some finite constant M independent of k and ¢.
To ensure the applicability of Theorems [2.1] and [2.2] we note that if
1 = T () VeeN | j=1,2, (4.16)

are admissible, it follows immediately that (7()),cy is admissible. Moreover if
both ('y%k)) and ('yék)) are obtained from a weak-* limit, then so is (y(*)).

Thus, from Theorems [2.1] and 2:2] we have that
k .
W = [ @) (a)e) ™ L i=1.2.

~ Rk
200 = [ (o) (1)) ™. (1.17)
where f1; 1= ,ugl) — ui” is the difference of two probability measures on the unit
ball in L?(R?). We remark that (4.15) is equivalent to
[anf @l <2, =1z, (418)

for all k € N, where H! = {f € L?(R3) | |[(V)f|lz2 < oo}, and (V) := /1 — A.

Lemma 4.5. Let i be a Borel probability measure in L*(R3), and assume that

[ du@olh < a2 (119)
holds for some finite constant M > 0, and all k € N. Then,
u({oe 2@ |l6lm > M }) = 0. (4.20)
Proof. From Chebyshev’s inequality, we have that
1 M2
w({o e @) lolm > 2}) < 5 [dn@lelth < T (2
for any k£ > 0. Evidently, for A > M, the r.h.s. tends to zero when k — oo. O

From here on, we will consider the representation of the expansion (4.1) for
7(k)(t) in upper echelon normal form, given by the right hand side of (4.13)). Then,

’Y(k)(t) = Z / D( .. ~dtrU(k)(t _ tl)Ba(k+1)7k+1U(k+l)(tl —tg)---
cENg o:t)

L yletr=1) (tr—1 — tr)Bg(k+r),k+r7(k+r) (tr) . (4.22)
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The sum with respect to o extends over all inequivalent upper echelon forms.

Using the quantum de Finetti theorem (by which we henceforth refer to either
the strong or the weak version), we obtain

Y@ = Y /Ut)dtl,.. /dﬁtr(gzb)Jk(a;t,tl,...,tr), (4.23)

UENk

where

TRtttz ) = (U(k)(t—tl)Ba(kH)’kHU(k“)(tl—t2)~-

 Bothroy bt U (b — t0110) By (o) pr e a U (f040 — toga) -+
r— R(k+r
U (g = 1) Boeimar (906) * Y @azh) . (424)

Here, we may think of the time variable ¢, as being attached to the interaction
operator B (y4¢)k+¢- For fized ¢, we note that since

k+r

(1)) ** " (@i 2hr) = [T (1600 (@is ) (4.25)

i=1

is given by a product of 1-particle kernels, it follows that
k 1
J¥ (ot b, ey 2h) = H Ji(ojit ey, 5 my ;%) (4.26)

likewise has product form, for each fixed . This is because in , the operators
Bo (k40 k+¢ and Uk+0) (ty — tg+1) each map products of 1-particle kernels to prod-
ucts of 1-particle kernels (but the operators B, (j.¢),k+¢ do in general not preserve
positive semidefiniteness). Each 1-particle kernel le can be written as a Duhamel
expansion in itself, with interaction operators inherited from those appearing in J*.
We label the interaction operators in le “Internally” with o;, j = 1,...,k, (which
are automatically in upper echelon form relative to le). More details are given in
Section [l below.

For a fixed k, the number of inequivalent echelon forms is bounded by C”, using
Lemma Hence,

Te(]y™) (4.27)
k

< CTZSUP/ /dut H (‘J (oj3tte; 1se-e, téj,mj)‘)~

1=1,2 j=1

The time variable ¢, , corresponds to the one attached to the a-th interaction
operator (counting from the left) appearing in the factor J. jl (every tg; , corresponds

uniquely to one of the time variables ¢, in (4.24])). Based on the expression (4.27)),
our goal is to prove the estimate

Te([Y P (@)]) < 2M**2 2CM*T)+D/2 (4.28)

asserted in Lemma it implies that for any k € N, the right hand side tends
to zero as r — oo, for t € [0,T), and sufficiently small 7' > 0 (independent of k).
Since r is arbitrary, this implies that the left hand side equals zero, thus establishing
uniqueness. By iterating this argument on the union of intervals [0, T)U[T, 2T)U
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uniqueness extends to the entire time of existence for a given solution. We note
that in (4.27), the distinction between focusing and defocusing GP hierarchy has
disappeared, since |A| =1 in both cases.

5. BINARY TREE GRAPHS

Because every interaction operator contracts precisely two factors, one can con-
veniently organize the above expansions for J* and le with the help of binary tree
graphs, for arbitrary values of k& and r. For the convenience of the reader, we first
discuss the factorization with an example.

5.1. An example for k£ = 3. As an example, let £k = 3 and r = 4, and let us
consider

J3(0'; t7 tl, N ,t4) = UO(731)BQAU(?Q)Bg75U(:53)B376U?E?4)B577(|¢> <¢|)®7 (51)

where Ui(’? = U(j)(ti — t;7) with ¢ := t, and where o corresponds to the upper
echelon matrix

By Bis Big Biy
B2s B2s Dag Doy
Bss Bss Bse DBsr (5.2)
0 Bss Bss DBar |~ ’
0 0 Bsg Bsr
0 0 0 Bg 7

We now read off from this matrix which terms are “connected” via contractions,
starting with the rightmost interaction operator. Although all 7 factors in (|#)(¢|)®”
are indistinguishable, we enumerate the factors, and write the product in the form
®!_,u;, ordered with increasing index i (where u; = |¢){(¢| for every i = 1,...,7).

o Clearly, Bs 7 contracts the factors us and w7, and acts trivially as the
identity on all other factors u;,
Bs 7(®7_1ui) = (®i_1ui) ® O4 @ ug, (5.3)
where
Oy := B 2(us ® ur). (5.4)

The index « in O, associates it to the a-th interaction operator from the

left in (5.1) (in case of Oy, the 4th interaction operator is given by Bs 7).

e The interaction operator B3¢ contracts U?E,lzf us and U§}4) ug, while it leaves

all remaining factors untouched. In particular, it does not affect Oy,.
By oUS (B3) = (U35 @ u2)) © 03 (UHun) @ (US00) (5.5
where

O3 := B (U (us @ ug)) - (5.6)
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e The interaction operator Bj 5 contracts U2(’14) Uy with UQ(Q ©, (where we used
the group property UQ(JB) U?EQ = U2(J4)) corresponding to the 2nd and 5th
factor in (5.5)), while it leaves all remaining factors untouched.

By,sUSY (ER)) = (U34wm) @ ©: @ (US365) @ (U {us) (5.7)
where

02 := Bio((UHus) ® (U O 5.8

2 := B12((Uy4u2) ® (Uy,4©4)) . (5.8)

e Finally, the interaction operator Bs 4 contracts U1(12) O4 with (U1(14) uy) corre-
sponding to the 2nd and 4th factor in (|5.7)), while leaving all other factors

untouched,
BoaUf3 (ED) = (0w @ 01 @ (U{305) (5.9)
where
. (1) (1)
O, := BLQ((ULQ @2) & (Ul 4U4)) (510)
In conclusion, we have found the factorized expression for (5.1),
1 1 1
TP = (U w) ® U§Ye) o U)es) . (5.11)
———— N N e
=Ji =J; =J3

We may now write the factors le as one-particle matrices, and substitute back
= |p)(¢| for all i =1,....7.

e J{ corresponds to a free propagation without any interaction operators,

= U |6)(9] (5.12)

e Moreover,
T3 = U B1aU3 By sUS) Bs a(|6) (6]) ©* (5.13)

where the interaction operators correspond to Bg g4, Bas, Bs 7; they are
re-indexed in a manner that leaves the connectivity structure between con-
tractions invariant. The labeling of interaction operators B,y ¢ here is
obtained from a labeling function o5 (corresponding to o; in ) where
0’2(2) = 1, 0'2(3) = 1, 0'2(4) = 3.

e Finally,
1 2
J3 = U3 B1aUs%(19) (8]) % (5.14)
where the interaction operator corresponds to B3 ¢, and can be labeled with
0’3(2) =1.

We observe that for ¢ < ¢/, the interaction operators B, (s and By ¢ in J3
(which are highlighted in (5.2)) belong to the same factor J} if either o(¢) = o(¢'),
or { = o(¢). In this case, we can think of them as being ° connected” below, we
will introduce binary tree graphs that encode this connectivity structure.

This example also illustrates how the internal labeling functions ¢; in (4.26) are
deduced from the “global” labeling function . In the sense outlined above, we may
think of o; as the restriction of o to le.
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We note that in J{ and J3, there is a free propagator applied to each ¢; this will
allow for a straightforward application of Strichartz estimates to control contrac-
tions due to interaction operators. However, the term JJ involves the contraction
of factors |¢)(¢p| without any free propagation term inbetween. We will call the
factor J3 distinguished while J} and Ji are regular.

5.2. Definition of binary trees. We now introduce binary tree graphs as a book-
keeping device to keep track of the complicated contraction structures imposed by
the interaction operators inside the iterated Duhamel formula (4.24)).

To this end, we associate (4.24]) to the union of k disjoint binary tree graphs,
(Tj);?:l. We note that these appear as “skeleton graphs” for the more complicated
graphs in [I8 19, 20| 21]. We assign:

o An internal vertez vy, £ = 1,...,7, to each operator By (i1 ke Accord-
ingly, the time variable ¢, in (4.24) is thought of as being attached to the
vertex vy.

e A root vertex wj, j =1,...,k to each factor J} (--- ;x;; %) in (4.26).
o A leaf vertex u;, i =1,...,k + 7, to the factor (|¢){(¢|)(x;; ;) in (4.25).

For the sake of concreteness, we draw graphs as follows: We consider the strip in
(z,y) € R? given by z € [0,1]. We draw all root vertices (wj)le, ordered vertically,
on the line = 0, all internal vertices (vg);_, in the region = € (0,1), where vy
is on the right of vy if # > (. Finally, we draw all leaf vertices (u;)**"

ioq » ordered
vertically, on the line x = 1.

Next, we introduce the equivalence relation “~” of connectivity between vertices.
Between any pair of connected vertices, we draw a connecting line, which we refer
to as an edge:

e Let vy be the internal vertex with smallest value of ¢ such that o(f) = j;
then, we say that vy is connected to the root vertex w;, that is, w; ~ vy.

o If there is no internal vertex connected to w;, we draw an edge connecting
w; to the leaf vertex u;, and say that they are connected, w; ~ u;.

e Given k < £ < k+r, if there exists £’ > £ such that £ = o(¢') or o(£) = o(¢'),
we say that vy ~ vy are connected.

vp is then called a parent vertex of vy, and vy is called a child vertex of
ve. We denote the two child vertices of vy by v._ () and v, (s), using the
condition k_(¢) < k4 (£).

If there exists no internal vertex vy with ¢/ > ¢ such that ¢ = o(¢'),
we say that vy is connected to the leaf vertex wy, vy ~ wuy; if there exists
no internal vertex vy with ¢/ > ¢ such that o(¢) = o(¢'), we say that vy
is connected to the leaf vertex uq(f), ve ~ uq(s). In these cases, vy is the
parent verter of ug (Or Uug(y)), and ug (Or Ug(y)) is a child vertex of v,.

This implies that every internal vertex has precisely two child vertices, which
can either be internal or leaf vertices (they do not need to be of the same type).
Every root vertex has precisely one child vertex, which could be of internal or of
leaf type. Every internal or leaf vertex has exactly one parent vertex.
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We conclude that the graph thus obtained is the disjoint union of k£ binary trees,
which we denote by (Tj);?:l, where the root of 7; is the root vertex w; (if w; ~ u;
without internal vertices inbetween, then the binary tree consists trivially only of

a single edge connecting one root and one leaf vertex).

We say that the tree 7; is distinguished if v, € 7;, and regular if v, &€ 7;. We
call the two leaf vertices connected to v, distinguished leaf vertices, and all others
regular leaf vertices. Clearly, there are k — 1 regular trees, and one distinguished
tree in this construction.

wr O

w2 O

Boa Bes

w3 O

S5

Figure 1. The disjoint union of three tree graphs 7;, 7 = 1,2, 3, corresponding to
the example discussed in Section for k =3, r = 4, and

THoit .. ta) = U BoaULY) By sUS) By gUS" Bs 7 (10)(0)7 . (5.15)

The root vertex w; belongs to the tree 7;, 7 = 1,2,3. The internal vertices corre-
spond to v1 ~ Ba4, v2 ~ Bg 5, v3 ~ B3, and v4 ~ B 7. The leaf vertices us and
u7, and the internal vertex vy ~ Bs 7 are distinguished. The distinguished tree 7
is drawn with thick edges.

6. THE DISTINGUISHED TREE GRAPH

In this section, we further refine the combinatorial organization of terms cor-
responding to the distinguished tree. We note that regular trees can be treated
in a similar manner, with obvious modifications. Let 7; denote the distinguished

tree graph. We assume that it contains m; internal vertices (’Ugjya)zzl, and m; +1
leaf vertices (uj’i);ijl“. We recall that the internal vertices are enumerated with
a € {1,...,m;}, where @« = m; is the distinguished vertex, and that o corre-

sponds to the interaction operator B, (a41),a+1 (notice the shift by 1 in the index)
in . For notational simplicity, we will from here on label leaf vertices with
a € {m;+1,...,2m; + 2} (corresponding to u; —m,), and will often refer to the
vertex v; o by its label .




GP HIERARCHY AND QUANTUM DE FINETTI 19

To determine the contribution to (4.26)) corresponding to 7;, we use the commu-
tativity relation (1.17), and straightforwardly find that

le(crj;t,tgjvl,...,tgjwmj;xj;m;-) (6.1)

— U(l)(t _ tz“) . U(l)(temfl _ téj,l)Ba‘(Q),Q .

J

.. 'Boj(a)aU(a)(téj’a,l _ tej,a,l-ﬁ-l) ... U(Oé)(téjﬁa—l _ tej,a)ng(a+1))a+1 ..
ms; ®R(mi+1
Ut ”)(te]-,qu —L‘éj,mj)Baj(mj+1),m_,»+1(\¢><¢|) e

Here, the interaction operators By, (4) are adapted to the l-particle kernel le,
and (Jj);';jl is an “internal” labeling of the interaction operators that preserves the

structure of 7;. In this sense, o; corresponds to the restriction of o to the tree 7;.
Clearly, 0;(2) = 1.

Between any two consecutive interaction operators B (a).a and Bs ) (at1),a+1s
with o < my, there is a composition of ¢; o —¢; o—1 free propagators at consecutive
time steps, so that

U(a) (t[ - téj,afl'f‘l) T U(a) (t@j,a—l - tej,a) = U(a)(téj,a—l - tfj,a) ) (62)

Jya—1

due to the group property of the free propagators. Hence, (6.1)) reduces to

Jl (0J7 ta t[

¢ Lt

gty ) = UM (=t )Bio- - (6.3)

.. ng(a),aU(o‘) (te; oy —te; ) Boj(as1)a41 "
m; ®(m;+1)
Ut J)(L‘g].wj,1 - tzj,m,)Baj(mj+1),mj+1(\¢><¢|)

J
where £, = r. We observe that on the last line, there is no free propagator in

front of (|¢) (¢|)®(mj+1) (since 7; is distinguished). As a consequence, the Strichartz
estimate cannot be applied in the last step. Resolving this issue is the main task
of the construction presented in the sequel.

Our goal is to bound
/ dty, , -- .dtﬁj_m'__lTr( ‘ JHogitte, st ) ‘ ) ) (6.4)
[07T)7nj71 ’ A ’ I

We will employ a recursion that takes into account the structure of interactions and
free evolutions occurring between interactions. We will explain the strategy based
on an example in the next section.

6.1. Example calculation for a distinguished tree. We consider an example

of a distinguished tree, which we obtain from setting k = 1, » = 3 in (4.23) (if
k =1, there is only one tree, and it is necessarily distinguished). From (4.23) and

(4.24), we have

OISOV / dtldtgdt3/dﬁt3(¢)U(1)(t—tl)BLgU(Q)(tl—tg)
c€N1 3 D(ot)

Bo3)sU® (ts — t3)Boay a(|0)(0]) ©* (6.5)
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where D(o,t) C [0,t]3. For a fixed o (with, say, 0(3) = 2 and o(4) = 3), we
consider, as an example, the contribution to the bound (4.27) of the form

| dntadts [ aul?oyre(| (U0~ 0BV (11 - 1)
[0,T)3

B U™ (t2 — 1) Baa (1) (6]) "] ). (6.6)

where ¢t € [0,T'), and noting that |iA| = 1.

6.1.1. Recursive determination of contraction structure. Clearly, (|¢)><¢>|)®4 is a
product of 1-particle density matrices. We observe that the interaction operators
B; ; preserve the product structure (while changing the explicit expressions for each
factor), and contract two factors at a time (the é-th and the j-th). On all other

factors, B; ; acts as the identity. Similarly as in the example of Section we

introduce kernels ©,, a = 1,...,3 that account for the contractions performed by
Bo(a+1),a+1, which we write in the normal form
Oulz,2') = cf x5, (2)¥F (') (6.7)
Ba

where x5 , ¢ are certain functions that will be recursively determined, and ¢
are coefficients with values in {1,—1}.

o The kernel ©3: We start at the last interaction operator Bs 4 in . It acts
nontrivially only on the 3-rd and 4-th factor in (|¢)(¢|)®4,

Bsa(19)(¢)** = (|¢)(¢])** @ O5. (6.8)

The kernel O3 is obtained from contracting a two particle density matrix to a one
particle density matrix via the interaction operator Bj s (which acts on a two-
particle kernel f(z,y;2',y") by (Bi2f)(z,2') = f(z,z;2',2) — f(z,2'; 2/, 7)),

Os(a.2) = Bia((19)(¢)*)(x.2") = b@)o(@) - é(x)ila’)

2
= Y @b, @), @) (6.9)
Bs=1

where
b =626 (6.10)
Here, we have ¢§ =1, ¢3 = —1, x3 = 0, o= ¢, V3 =, V3 = 0.

Main difficulty: The main difficulty in estimating stems from the fact that
the term 7:23 = |¢|?¢ can only be controlled in L?, where by Sobolev embedding,
]2 < C||9|13:, which can then be controlled by ([£.18), see below. Our
objective thus is to apply the triangle inequality to the trace norm inside , and
to recursively “propagate” the resulting L? norm through all intermediate terms
until we reach ¥, see below. We remark that if ||| could be controlled by
o]l (which is not the case), a straightforward application of the method of [31]
would suffice to carry out our analysis.
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We now re-interpret ¢ in as a function that is independent of ¢, ¢. Only
at the end of our analysis, we will substitute 1[ = |¢|?¢. We call a factor X3,
¥g. in the sum distinguished if it is a function of 1:2; In the first step, it is
clear that for every (3, only one out of the two factors ng 1/123 in the sum

is distinguished (and in fact equal to ¢). The property of being distinguished then
propagates from there, i.e., in the next step the distinguished term is the one con-
taining the distinguished term as a factor from the previous step, and so on.

o The kernel ©,: Next, we consider the terms contracted by B3 in ,

Bos U™ (12 — 1) ((19)(6])*2 © ©3) = (UD (12 ~ ta)[9)(6]) @ 03, (6.11)

using , which defines the kernel

O(z,2") = 31,2(<U(1)(t2 —t3)|) (@) @ (UM (t2 — t3)@3)) (z,2")
2
= (U240)@)Ua3d) (@) Y b, |(Unaxh,) (@) U, ) ()
Bs=1

V2,53, (@) U230, ) (@")]

4
= ) chxE )93, (6.12)
B2=1

where
Ui, = pilti—ti)A (6.13)

Since for every (3, only one out of the two factors ng, ¢gs is distinguished, it
follows from (6.12)) that for every 3 € {1,...,4}, only one out of the two factors
X%z’ 1/1%2 is distinguished. The coefficients c%z again have values in {1, —1}.

o The kernel ©;: Finally, we consider the terms contracted by Bj 2 in , corre-
sponding to

Or(x.a)) = Bua((UV(h — t)U D (12~ )]0)(0]) ® UV (11 — 12)02) ) (. 2)
= (U130) @) Ursd)@) Y &, |(U1233,) (@) U1203,) (@)
B2=1

(U123, (U1 203,) (o))

8
=: Z B, X b, (x)wiél(m’) (6.14)
Bi1=1

Again, since for every s, only one out of the two functions X%Q, 1/)?32 is distinguished,
it follows that for every 8; € {1,...,8}, only one out of the two functions Xél’ wll'h
is distinguished. The coefficients cj again have values in {1, —1}.
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6.1.2. Recursive bounds. We may now return to , and perform the following
recursive bounds with respect to time integration.

e Integral in t;. Applying Cauchy-Schwarz with respect to the integral in t; and
the triangle inequality for the trace norm, we obtain that

(6.6) / dty dtadts / dM§§>(¢)Tr(‘U<1>(t—t1)@1 ‘)
0.1)

8

B1=1 [0,7)2

using that |c%.,1\ = 1. From (6.14]), we see that given 8y € {1,...,8}, there exists 5
such that

IA

1
L (615)

t1€[0,T)

X, (@) = (U139)(@)
U (@) = (Ur30)(2)(Ur2x3,)(@)(UL293,)(2) (6.16)

(or with a cubic expressions for X}h and a linear expression for z/%l). Therefore,

2

(DR

t1el0,1)
= ol | st @ TG @)@ |, e (617
using that U, 3 is unitary, and that ¢ does not depend on %;.
Next, we observe that
|2 @ES R )@ e
< 1€ fillzee o ll€™ fall oo Lo 1€ fall 2 o
< Cllfrllazlfollam sl ez (6.18)

using the Holder inequality, the Sobolev inequality, and the Strichartz estimate
e £l rzrs < CJ|f| z2 for the free Schrédinger evolution. We make the important

observation that in (6.18)), we can place the L2-norm on any of the three functions
fj,» 3 =1,2,3, and not only on f3. Similarly, if a derivative is included,

[V 1) @) B B @) f3) (@) |

L7(R)L2Z(R3)
3
< D e Vafillzrs [ €™ fill oo o
j=1 1<i<3
i#]
< Clfillall f2llzll f3llmz s (6.19)

which, together with (6.18]), implies that

(€2 1) @B ) (@) (€2 o) (@) |

L7 (R)H} (R?)

3
< CH [ £l 1 - (6.20)
j=1

Only one of the factors ng 1/1[232 is distinguished, say for instance w?h. We then
use (6.18) in such a way that the L2-norm is applied to this term. All terms in
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(6.15) can be treated in the same manner, thus obtaining

8
<cor'? Yy / Gl / dpfs) @) |o13 I3, 13, 2, (6.21)
=1

where the indices B2 depend on (. Next, we use the defining relation (6.12)) for
the functions x3,, ¢3,, and consider the integral in t,.

e Integral in to. By assumption, the factor ¢?32 is distinguished, while ngz is not.
Moreover, one of the functions x3,, ¢3, is a linear, while the other one is a cubic
expression in the functions after the second equality sign in (the distinguished
factor could be either). Our goal is to bound the distinguished factor in L2. From
comparing terms in , one possible combination is

X5, (2) = (U230)(2) , 5, (2) = (U2,30)(2) (Ua,3x3, ) (2) (U2395,)(2) . (6.22)

that is, the distinguished factor ¢g2 is a cubic expression. We apply Cauchy-
Schwarz in the to-integral in such a way that the L%—norm falls on the cubic term.
(If, on the other hand, X2 is the cubic term, we use Cauchy-Schwarz in ¢35 to get

19, zss 2 and ||X[32||L my < Clll3 from (6.20).) We then get

te[DT) z to€[0,T) "

G2 < OTZ / dta [ a6 ez e Wl 2, 22

. CTZ / dta [ dut?)@)lol;

1(U2,30) (2) (U2,3x3, ) () (U239, ) (= Mez gz (6.23)

where only one of the three factors inside the norm on the last line is distinguished.
We may assume it is 13 . By comparing terms in (6.9)), we then find that V3, =,

and X?a3 = ¢. We then apPly (6.18) again, and use the L2-bound for wga = zz At
this point, we substitute 1 = |¢|%¢.

e Using de Finetti for the last step. Subsequently, we obtain

66 < / dts /du )15 19112
[0,T)

< 8CT? sup /d:u’tg( o)l

tge[O,T)
< 8CT>*M*, (6.24)

where we used HJ”LE < C||¢||3;: from Sobolev embedding, and the bound (4.18)
related to the de Finetti theorem, which is uniform in ¢3. This is the desired
estimate in our example calculation.

The strategy presented in this example can be applied in the general case.
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Figure 2. An example of a distinguished tree 7; with m; = 7. The number next
to an internal vertex corresponds to its label o € {1,...,7}, ordered increasingly
from left to right. The vertex with label o corresponds to By (a+1),a+1 (note the
shift by 1 in the index). The time variable attached to it is ¢, ,. The leftmost
vertex is the root vertex, while the rightmost vertices are leaf vertices labeled with
a € {8,15}, corresponding to uj 7. The leaf vertices 8 to 13 are regular, while the
leaf vertices 14,15 are distinguished. The distinguished internal vertex has label
7. Here, for example, k_(1) = 2, k(1) =4, ki (k1 (h+(k+(1)))) =7, K_(2) = 3.
This tree corresponds to the term

Ué,lf31,2Uf,ngl,sUz(?’s)BlAUéﬁ32,5Ui,55)35,6U5(?6)B5,7U<§,77)37,8(|¢> (¢))®®  (6.25)

(in upper echelon form) where Ui(’J]:) =UU(t; —t;) and to = t.

6.2. Recursive definition of kernels at vertices. As in the above example, we
recursively assign a kernel ©, to each vertex a. As the root of this induction, we
associate the kernel

Oa(w;2) := ¢(a)P(z') (6.26)
to the leaf vertex with label v € {m; +1,...,2m; 42} (corresponding to uj,q—m;)-

In the first recursion step, we determine ©,,,; at the distinguished vertex a = m
from the term on the last line of (6.3)), given by

By, tmy 11y my 41 (10) ()7 = (o)) * T Vg e,
@(|9) (g]) * D 6 07)

where

Om, (z;2) 1= P(x)d(2) — p(z)ih(a') (6.28)
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with ¢ as in (6.10). It is obtained from contracting the two copies of |¢)(¢| at the

two leaf vertices k_(m;), k4 (m;) which have m; as their parent vertex.

For the induction step, we let a € {1,...,m; —1} label a regular internal vertex,
and assume that the kernels ©, have been determined for all o' > . Let rk_(«),
k4 (a) label the two child vertices (of internal or leaf type) of «,

o5(0) = a3(h(@)) , a=os(ni(a)). (6.29)
Then, by induction assumption, O, _(4), O, () are given, and we define
Ou(z; )
= B1,2( (U(l)(ta —tr_ (0))Ok_(a) ) ® (U(1)<ta —try () Ok () ) )(x;xl)

- (U(l)(ta —tr_(a))Ok_(a) ) (;2") [(U(”(ta — @)k (a) ) (z;2)

(UM (o~ te(@)On @) ) (@52)] (6.30)
Clearly, if k4 («) corresponds to a regular leaf vertex, then
O (o (@) = D)) (631)
and by oy = b If k4 (a) = my; is the distinguished vertex, we use (6.28]).

We iterate this procedure until we obtain the kernel ©; at o = 1, which is the
unique child vertex of the root vertex.

6.3. Factorization structure of kernels. We will now determine the structure

of O,.

Lemma 6.1. Let o € {1,...,m;}. Then, every kernel ©, can be written as a sum
of differences of factorized kernels,
Oalzsa’) = Y g x3, (2)9g, (2) (6.32)
Ba

with at most 2™~ nonzero coefficients c§ € {1, —1}.

Proof. The kernels at the leaf vertices (6.26) have the form (6.32). If o = m; is the
distinguished vertex, ©,,; is given by (6.28), and evidently has the form (6.32)). For

the induction step, let us assume that given « € {1,...,m;}, the kernels ©,/ have
the form (6.32) for all ' > «, thus in particular O, (o), ©x_(a) have this form.
Then, from (6.30)), we find that

Oq(w;2') = Z ngff(z)c;:i?; (U"‘?"‘—(Q)X;;,(2>)(x)(Uo‘”“—(o‘)wg;(?c3>)(x/)
Br_ (a)Br ()

|Uasey 5 @) Uiy ) ) @)

4 (a)

~Uagr X5 ) @) Ui 57 )@ | (6.33)

where for brevity, we write

Upiar 1= € Mo M5008 0 0/ €40,1,...,m;} (6.34)
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(with tg := t) for free one-particle propagators. We write the sum on the right hand
side in an arbitrary but fixed order, and use the individual terms as definitions for
the terms ¢, x3,_ . 1/Jga in

Z%Xﬂa x)g (2'), (6.35)

which is of the form . This iteration terminates when we reach o« = 1. O

In particular, we have that

T(0gitste, sty ) = UMD (E—tg,,)01. (6.36)

For convenience, we will notationally suppress the dependence of the functions X5,
¢g. on the time variables ¢, ,, but we note that they do not depend on any ¢,
with o/ < a.

Definition 6.2. From here on, we re-interpret ¢ in O, (see (6.28)) as a function
which is independent of ¢, ¢. Only at the end of our analysis, we will substitute
Y = |¢p|*¢. For each o = 1,...,m;, we call a factor X3, V3, in the expansion

(6.32)) distinguished if it is a function of 1Z

Next, we derive recursive bounds on the functions xj_, ¥ .

6.4. Key properties of the kernels ©,. We make the following key observations
which will be crucial for the next steps of our proof:

e The only dependence of ©, on the time variable t,; , is via the propagators

Ua;ﬁi(a) = ei(tgj’a 7t(jyni(a))A (6'37)

appearing on the right hand side of (6.33). The kernels O, (o) at the two
child vertices x(a) of o do not depend on t,, .. This will be crucial for
the application of Strichartz estimates below.

e The product x§ (z)yg (2') in (6.35) either has the form

X (@TF (@) = Uase_(@)X5, ) (@) Uae_ @y, @) )(@")

(Uaies (@)X ) @) Ui ) ) (@) (6.38)
or
X, (@05 () = Uasw_ @)X, ) @) Ui _ @5 )) (@)
Uains (X ) @) Uy @ ) @), (6:39)

for some values of 8;_(a), Bk, (o) that depend on .. Comparing the left
and right hand sides, the function X3, either has the cubic form

X (@) = Uasw_ (X5, @) (@)

fiq(a) (o)
(Ua m+(a)Xﬁi+?a) )(x)(Ua;K+(a)wg:+((xa))(x) s (640)
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or the linear form
X5 (2) = (Ua;m(a)xgi?‘j))(m) . (6.41)
Accordingly, ¢§ respectively has either linear or cubic form. It is impor-
tant that the product X%@% is always of quartic form (6.38]) or (6.39).
This fact will again be crucial for the application of Strichartz estimates
below.
e In the product on the right hand side of (6.38]), respectively (6.39)), at most
one of the four factors is distinguished (see Definition (6.2)). This follows
straightforwardly from an induction along decreasing values of «, using

the fact that the statement is true for all regular leaf vertices, and for the
distinguished vertex ((6.28]).

We may therefore make the following assumption, which leads to notational
simplifications, but to no loss of generality.

Hypothesis 6.1. In all that follows, we assume for notational convenience that

only the functions 1/)%1, and recursively, (wgfl(il)))?:l, are distinguished (i.e., are a
"4+
function of ¥ in (6.28]) ). Here,
K1) = hp (s (o (g (1) 1), (6.42)
—_————

q times

is the q-th iterate of the index o = 1 under k4., and @Q is the number of edges linking
o =1 to the distinguished vertex with label oo = mj;. This is one special case, but
all cases can be treated in the same way.

7. RECURSIVE L?- AND H!-BOUNDS FOR THE DISTINGUISHED TREE

From here on, we abbreviate the notation by writing ¢, for t;,  , and by referring

to the vertex vj, by its label a. Also, we will say that the time variable ¢ is
attached to the vertex a.

We have that

1
= /[O’T)mjl dty - dtpy, 1 Te(|UD (- 11)01|)

<[ dtedt, b el (7.1
B1 fo,7)ms "

We will estimate the last term on the right hand side based on the recursion formula
(6.33), using recursive bounds adapted to a hierarchy of subtrees of 7;.

Our main goal is to propagate the L?-norm in (7.1)) along edges of 7; that connect
the vertex o = 1 to the distinguished vertex o = my, in order to obtain a bound

[9llz2 = leP*¢ll L2 < CllelG (7.2)
which can be controlled by the growth condition (4.18]).
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7.1. Recursive bounds. We let 7;, denote the subtree of 7; with root at the
vertex labeled by a. Moreover, we denote by

/ [ I1 dta/] E/ [ I1 dta/} (7.3)
' ETj o [0,T)de ' E€Tj o
integration with respect to all time variables attached to the internal and root

vertices of the subtree 7; , with root at . Here, d, denotes the total number of
internal and root vertices of 7; .

Lemma 7.1. Let k_(a) and k4 () label the two child vertices of the vertex labeled
by a. Assume that either (6.38) or (6.39)) is given. Then, the following recursive
bounds hold:

e Bound on L?-level

(6% (67 1 K (o3 (e}
JUI et <crt [ TT dtar] o)l s

a'€Tjq Q'ET) 1k (a)

A A P e I (7.4)

o’ €7j, g (a)

e Bound on H'-level

IT dtor |18 e X3l < CTZ | L e P D '
(e (o

a’€Tj o a’ETj’Ni(a)

- / OTT ter | i I 2l (7.5)

O/GTJ"N_*_(O{)

Proof. This can be inferred from the bounds and ( as follows:

e Bound on L*-level. By applying (6.18)) to (6.40) and (6.41)) with respect to the
time variable t,, and recalling that

Ua;fi, (@) = ei(taitmi(a))A ) (76)

we obtain

/[OT)da[ H dt“’}nga”LZHXgaHHl

a’€Tj o

oT/2 /[OvT)d&1 [ 11 dta,]

OUGTj,H_ (@) UTj,m+(o<)

—it,_(a)A k- ()

Kk_(a)

IN

‘Hl

te_(a)A,  r— () —it., () D K+ (a) ‘ —it, (A, K+(a)
H wﬁm(a) mll € ’ By (e ||l € ’ ¢ﬁ~+<a> 12
ern [ LI e |
Bn,a
[O7T)dm7(a) W o () || g1 H1
riq(a) it ()
F S I § G| B N s &
[0,7) -+ (@) wery o + +@ |lg2

Here, we first used Cauchy-Schwarz in the t¢,-integral. In the last step, we used
that ¢§ , x3, depend only on the time variables ¢, attached to the vertices of the
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subtree 7, , rooted at the vertex «, for every a € {1,...,m; — 1}. Moreover, we
used that e "*+@% are unitary in L? and H'.

e Bound on H!-level. Using (6.20)), we obtain

/[OT)%[ 11 dta’}”lﬂ%allmllx%‘allm

a’€T) o

< CTl/Q/ [ H dta,] e (@A g—«(x)) ‘
K_ (o 1
O™ P arer; o (@)U ny () "
T (a)A k() —itn, (@)D K4 () ‘ —ity, (), K+ () ‘
H Br_(a) || g1 ¢ " Bry () || g1 ¢ " ¢ﬂn+(a) H1
1/2 k() K- ()
o [ e | Lt 522
[O’T) re (e o Tir_ () a a
rig(a ‘ it () ‘ 78
/[O,T)d"*(“’ [a/ey () ] ‘Xﬁ“r(“ Bry(@) || g1’ (7:8)
g (o
by proceeding as above for the bounds on the L2-level. O

8. CONCLUDING THE PROOF

Using Lemma [7.1} we can now prove the following main estimates for the distin-
guished tree in Proposition and for regular trees in Proposition [8.2]

Proposition 8.1. Assume that 7; is the distinguished tree. Then, the bound

s 3

< 2ms oMM =D/2| || Tt (8.1)

holds.

Proof. To begin with,

/[0 - dt, - --dtmj_lTr< ‘ JHojit ity tm,)

)

= / dtl"'dtmj_lTI‘(’U(l)(t—tl)@l D
[0,7)™ "

< [ et a0, e
k(1 1
S S LI | GRS P s P
Br_(1):Bry (1) €T (1)
1 1
ST OTL e O s (8.3)
aGT],H»(])

where we first used , then (6.35), and subsequently (7.4)) with respect to
6.33

the integral in ¢;, at the vertex @« = 1. Then, we used (6.33)), and the fact that



30 T. CHEN, C. HAINZL, N. PAVLOVIC7 AND R. SEIRINGER

\c;ﬁ(lg)| = 1. By Hypothesis wgrﬁf) is the only function on the last two lines

that is distinguished, which is why it is the only term bounded in L2.

We first bound the integral . To this end, we iterate the bound on
the H'-level until we reach all leaf vertices of the subtree Tjr_(1)- 1t follows from
Hypothesis @ that 7; (1) does not contain the distinguished vertex, therefore all
leaf vertices of 7;,_(1) are regular. Then, we find that

Ko (1 k(1 de. (1)/2)) 41 20s— )
JU TD a0 s, )l < €1 ol (s.)
a'ET (1)

where b, is the number of regular leaf vertices of the subtree 7, rooted at o, and
d. is the number of internal vertices of the subtree 7; 4.

Next, we bound the integral (8.3)). To this end, we iterate both the bound (|7.4)
on the L2-level, and the bound (7.5 on the H!-level until we reach all leaf vertices
of the subtree 7; ., (1), including the distinguished vertex v; ., . The L? norm is

in every step applied to the term wg“(:)), which is the only function in (6.38)),
K/+ @

respectively (6.39)), which is distinguished, due to Hypothesis The iteration
terminates when all regular leaf vertices, and the distinguished vertex are reached.
We then obtain that

k(1 k(1
A | O [ A

alETj,m+(1)
2b, ., (1), ~
< CmJ‘T(d"+<1)_1)/2)H¢||H1+( )||1/JHL2
S ijT(dH+<l)_1)/2)H¢||i?f+(l)+3 (85)

where the L?-norm has been moved to the distinguished vertex, hence the factor
||| 2. At this point, we substituted 1 := |¢|?¢, and used the Sobolev embedding.

Combining the bounds (8.4) and (8.5), we obtain (8.1), where all leaves con-
tribute a factor ||¢||%,,. The factor 2™ bounds the number of terms in the sum

over B, (1), B, (1) in (8.2). a

Similarly, we find for regular trees:

Proposition 8.2. Assume that 7; is a regular tree. Then, the bound

/ dtl...dtijr(‘le(O'j;t,th...ytmj)’)
[0,1)™i

< 2ijijmj/2H¢||Zf+l (86)
holds.

Proof. For a regular tree, we have
T} (ot te, o tm,) = U (E—1)By )0 (8.7)
m; ma ®(m,;+1
e U( J)(tmjfl - tm_j)BUj(mj+1)7mj+1U( J+1)(tm_1)(|¢><¢|) ( ) .
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The key difference between (8.7)) and the corresponding expression (6.3) for the
distinguished tree is the presence of the free propagator U (mﬂ'“‘l)(tmj) on the last
line. The proof is immediately obtained from the proof of Proposition 8] by using

1 ..
/[O,T)mj ah '.dtm"ﬂ( ‘ Ji(ogititay oot D
= [ e, (U= ey )
[0,T)™

S0 [dtdt  aeh

o Jo.ryms
<30 [ e 9h, L I 59
B1 [O,T)mj

and by iterating the bound (7.5 on the H!-level until we reach all leaf vertices of
7j. Because all leaves of 7; are regular, no L?-level bound is necessary. (I

Going back to (4.27), we find from
JE(ost by, oty ) = HJ (oj3tte; s, t;m, ,arj,x]) (8.9)

that

%;]lﬁy~ﬁrfﬁﬂJﬂmuh,“Jﬂ)
HTT

/ dtr IH’I‘I‘(‘ 077tt511a"'7t5j,mj)‘)
[0,¢]7—1

< 2°C"T ’“*”/Z‘nqsni}f*r : (8.10)

by combining the estimates from the k£ — 1 regular trees, and from the distinguished
tree. The factor 2" is obtained from the product of factors 2™/ from all trees 7;,
both regular and distinguished.

Then, we observe that for t € [0,T),

([®@]) < eer)ee Yy / dt, [ duld @)1l
1=1,2
< (e sup Y7 / dpy) (@) o7 (8.11)

t,€[0,T) ,—7 P
The growth condition (4.18)) implies that this is bounded by
B11) < 2M*~22CMAT)+D/2 5 0 (r = ) (8.12)

for T < (2CM*)~! (which is in particular uniform in k). Since k is fixed and r is
arbitrary, we conclude that

(™) ]) =0, tel01), (8.13)
which implies that v*)(t) = 0 for ¢ € [0,T), and hence, uniqueness holds.
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Moreover, it can be easily checked that

+® () = /du(¢)(|5t(¢)><5t(¢)|)®’“ , VkeN, (8.14)

is a mild solution of the GP hierarchy in L;’g[oyT)ﬁl with initial data
190 = [du@)oe)™ . hen. (815)
By uniqueness, it is the only such solution. This proves Theorem [2.3 (]
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